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ABSTRACT 

This study focuses on the development of a multifunctional agricultural robotic platform. Previous articles in 

this series established the need for such a platform based on the specific soil and climatic conditions of the 

Republic of Armenia. Tests of a laboratory prototype indicated the need for further investigation of the 

platform’s dynamic behavior, particularly during operation in orchards and agricultural fields on sloping terrain, 

which is common in Armenia. Particular attention was given to changes in platform inclination during turning 

maneuvers on slopes and to the yaw moment generated about the vertical axis in four-wheeled robotic 

platforms with independently controlled wheels. Based on a mathematical model of the chassis incorporating 

elastic elements (springs) and damping elements (shock absorbers), the differential equation governing the 

motion of the platform’s center of mass was formulated, together with moment equations about the transverse 

and longitudinal axes passing through the center of mass. Analysis of these equations yielded the differential 

equations governing the platform’s vertical oscillations. Expressions were subsequently derived for the 

displacement, velocity, acceleration, and jerk associated with the platform’s free oscillations. These equations 

can be used to evaluate ride smoothness and determine the spring stiffness and shock-absorber damping 

coefficient required to achieve the desired suspension performance. 

 

ԱՄՓՈՓԱԳԻՐ 

Ներկայացվող հոդվածը նվիրված է գյուղատնտեսական բազմաֆունկցիոնալ ռոբոտ-հարթակի մշակման 

խնդրին։ Շարքի նախորդ հոդվածներում հիմնավորվել է այդպիսի ռոբոտ-հարթակի մշակման 

անհրաժեշտությունը ելնելով հանրապետության հողակլիմայական պայմանների 

առանձնահատկություններից։ Մշակվող ռոբոտ-հարթակի լաբորատոր փորձանմուշի փորձարկումները 

ցույց տվեցին, որ անհրաժեշտ է իրականացնել լրացուցիչ հետազոտություններ, որոնք հնարավորություն 

կտան բացահայտելու ռոբոտ-հարթակի շարժման դինամիկան հատկապես թեքություններում 

տեղակայված այգիներում ու դաշտերում, որոնք բնութագրական են Հայաստանի Հանրապետության 

հողատեսքերի համար։ Հաշվի են առնվել թեքություններում շրջադարձի ընթացքում տեղի ունեցող 

թեքության անկյան տրանսֆորմացիան, և որ չափազանց կարևոր է, միայն քառանիվ, իրարից անկախ 

կառավարվող անիվներով ռոբոտ-հարթակներին ներհատուկ, ուղղաձիգ առանցքի շուրջ առաջացող 

պտտող մոմենտը, որը էական ազդեցություն է թողնում կայունության վրա։ Ընթացքային մասի, 

առաձգական էլեմենտ (զսպանակ) և մարիչ (ամորտիզատոր) պարունակող հաշվարկային սխեմայի 

համար կազմվել են ռոբոտ-հարթակի մասսաների կենտրոնի շարժման դիֆերենցիալ հավասարումը, 

ծանրության կենտրոնով անցնող լայնական ու երկայնական սիմետրիայի առանցքների նկատմամբ 

մոմենտների հավասարումները, դրանց վերլուծության արդյունքում ստացվել են հարթակի ուղղաձիգ 

տատանումների դիֆերենցիալ հավասարումները։ Արդյունքում ստացվել են հարթակի սեփական 

տատանումների ընթացքում առաջացող տեղափոխությունների, արագությունների, արագացումների և 

արագացումների փոփոխության որոշման հավասարումները, որոնք հնարավորություն են տալիս 

գնահատելու ընթացքի սահունությունը և որոշելու դրա ապահովման համար անահրաժեշտ կախոցի 

համակարգի զսպանակի անհրաժեշտ կոշտությունն ու ամորտիզատորի դիմադրության գործակիցը։   
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INTRODUCTION 

In all countries ensuring food security has always been, and remains, one of the most pressing 

challenges facing agricultural production. The solving of this problem must involve the conservation and 

improvement of land resources, meeting environmental requirements, increasing production volumes, the 

production of environmentally friendly food products, full mechanization of agricultural production, and,  

particularly importantly, reducing of the energy intensity of these processes. It is evident that the stated problem 

is multidimensional, and its complete solution using existing technologies and technical means is objectively 

limited (Abrosimov and Raykov, 2022; Bak and Jakobsen, 2004; Fontani et al., 2025; O’Meara, 2019; Ritchie, 

2024). 

For this reason, two key trends have recently become central to agricultural production technological 

processes (Abrosimov and Raykov, 2022; Markets and Markets, 2025; Navone et al., 2025; Tarverdyan et al., 

2025).  

First, one of the fastest growing areas in recent years in agricultural production is precision and digital 

technologies in crop and livestock production.  

Second, the direction without which it is impossible to effectively utilize and implement the information 

obtained through the above-mentioned technologies is the organization of robot-assisted agricultural 

production. This implies that the development and large-scale implementation of robotics play a central role in 

addressing the stated problem (Abrosimov and Raykov, 2022; Navone et al., 2025; O’Meara, 2019; Ritchie, 

H., 2024).  

Although the global agricultural robotics market is developing at an unprecedented rate (over the last 

five years alone, its volume has increased approximately 20-fold) (Bak and Jakobsen, 2004; 

MarketsandMarkets, 2025), the application of such systems in the agricultural sector of the Republic of 

Armenia remains highly limited. This is primarily due to their relatively high market price, making them 

inaccessible to the majority of local producers, and second, to their structural characteristics, which result in 

low operational reliability under the soil conditions of the Republic of Armenia (Tarverdyan et al., 2025). 

It follows that the problem can be addressed through two approaches: either partial structural 

modifications should be made to existing robots, or a new universal robotic platform should be developed that 

is better adapted to the country’s soil conditions (presence of stones of various sizes, fragmented terrain) and, 

importantly, is cost-effective. 

For all mobile agricultural robots, the mobile platform is a critical component that plays a key role in 

the overall system performance of the system. It is therefore not surprising that researchers in this field have 

devoted significant efforts to the development of high-performance mobile platforms for agricultural robots, as 

well as to improving their control and positioning accuracy, since these issues are of crucial importance in 

precision agriculture (Amin et al., 2025; Bayar et al., 2015; Lipiński et al., 2016; Qiu et al., 2018; Zagazezheva 

and Berbekova, 2021). 

The operational practice of agricultural robotic platforms over the last 20–25 years, as well as the 

results of numerous research studies, lead to a clear conclusion: from the perspective of accurate perception 

and response to external influences during agro-technological processes, minimal energy consumption, 

minimal soil damage, and high maneuverability, four-wheeled robotic platforms are preferred (Akimov, 2017; 

Blasco et al., 2002; Cho et al., 2002). 

In addition, four-wheeled robotic platforms with independently controlled wheels provide high 

maneuverability and enable parallel motion of the vehicle during turning, allowing positional accuracy and 

orientation accuracy to be controlled independently (Bak and Jakobsen, 2004; Cho et al., 2002; Orebäck and 

Christensen, 2003; Tarverdyan et al., 2025).  

Research on robotic platforms is primarily driven by the shortcomings and challenges identified during 

their operation. Current studies place significant emphasis on optimal control, stability, and ensuring smooth 

motion. In this regard, the studies conducted by a group of researchers are of particular interest (Blasco et al., 

2002; Fountas et al., 2020; Zakaria et al., 2024), in which the authors demonstrate that integrated control 

systems (ICS)—such as combined steering and wheel torque control, suspension and wheel torque 

coordination, as well as the integration of steering control systems with suspension—provide superior 

performance characteristics for multi-axle mobile devices (Multi-axle Vehicles, MAV) compared with skid-

steering control systems (SCS). In this optimal distribution approach, the target vehicle forces and yaw torque 

are distributed among the individual tire forces (Ali et al., 2017; Li and Shi, 2017; Zakaria et al., 2024). 

Another group of researchers has approached the problem from the perspective of determining the 

critical speed and its more accurate estimation for a two-axle dynamic model. A 4×2-wheel configuration was 
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adopted as the vehicle model, and the acting forces and other lateral dynamic parameters were calculated for 

this model. The problem was analyzed in terms of the forces acting on the vehicle during turning and on 

inclined surfaces to ensure stability, taking into account the redistribution of reaction forces and variations in 

the tire–surface adhesion coefficient (Ivanov et al., 2025). 

In a previous study devoted to this problem (Tarverdyan et al., 2025), the kinematic parameters of the 

motion subsystem of a robotic platform were examined in detail. In particular, the relationships between four 

independently steerable wheels, steering angles, and their angular velocities were established. Lateral forces 

arising during turning on a horizontal plane were also partially analyzed. 

The present article is devoted to the investigation of the stability of robotic platform motion and 

conditions of lateral slip on sloped terrain, as well as to the assessment of motion smoothness based on the 

proposed model. 

 

MATERIALS AND METHODS 

Stability of Robotic Platform Motion on Inclined Surfaces 

As previously noted, for robotic platforms intended to perform agro-technological operations, the four-

wheel configuration with independently controlled wheels is considered preferable. The ability of the platform 

to perform parallel translational motion, in some cases without rotational turning, provides high 

maneuverability. 

Independent control of all four wheels minimizes lateral slip, thereby reducing not only soil disturbance 

but also the wear of drivetrain components (Bak and Jakobsen, 2004; Torii, 2000). 

Although the dynamics of a four-wheeled independently controlled system are inherently nonlinear 

and control is not straightforward, relatively simple control systems can still be effective at low operational 

speeds (2–6 km/h), (Cho et al., 2002; MarketsandMarkets, 2025; Tarverdyan et al.,2025). The conceptual 

scheme of the proposed robotic platform is presented in Figure 1. It consists of a platform frame (1), on which 

various agro-technological implements and devices are mounted; four drive wheels with independent actuation 

(2); a wheel steering control unit (3); and a wheel steering mechanism (4).     

 

 
   

Fig. 1 - 3D model of the developed robotic platform  

 

A detailed kinematic analysis of the locomotion subsystem of the developed robotic platform 

(Tarverdyan et al., 2025) yielded equations that make it possible to determine and refine the parameters used 

as the basis for programming the platform’s turning motion on a horizontal surface.  

 

1 

2 

4 

3 
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As a result of the dynamic analysis, precise equations for determining lateral slip forces were obtained. 

These equations enable the development of a robotic platform drivetrain in which wheel slip during turning is 

minimized, thereby minimizing soil damage while ensuring operational reliability and durability (Tarverdyan et 

al., 2025).  

An agricultural robotic platform can also perform agro-technological operations in fields located on 

sloped terrain, which is particularly characteristic of the Republic of Armenia. Under such conditions, during 

the development of the robotic platform, the issue of motion stability, especially during turning, becomes a key 

subject of analysis.  

Assume that the robotic platform performs a turning maneuver on a planar slope inclined at an angle 

β where the rotation axis  𝑂𝑂′ is perpendicular to the inclined plane and is positioned upslope relative to the 

robotic platform (Figure 2). The geometric dimensions of the platform are – width B and length L. Since the 

goal is to develop a structure that is as symmetric as possible in terms of both geometry and mass distribution, 

it can be assumed that the center of mass coincides with point  𝑂1
′ , located at the intersection of the longitudinal 

(𝑥2) and transverse (y2) symmetry axes of the platform. In this case 𝑎 =
𝐿

2
, 𝑏 =

𝐵

2
. Let the distance of the center 

of mass from the supporting plane CDEF be denoted by h, and the turning radius of the center of mass by 𝑅0. 

The steering angles of the wheels are 𝜃1, 𝜃2, 𝜃3, 𝜃4, while the corresponding turning radii are  𝑅1, 𝑅2, 𝑅3, 𝑅4.  

Let consider the turning motion of the robotic platform with a constant turning radius on a slope inclined 

at an angle β (Figures 2 and 3). Before determining the forces and reactions acting on the platform, it is 

necessary to account for the transformation of the slope inclination during rotational motion, since it directly 

affects the magnitude of the force components involved. Let the coordinate system 𝑥𝑜y (Figure 3) be fixed to 

the inclined plane, where the y-axis is aligned with the transverse direction of the slope and the 𝑥 -axis with 

the longitudinal direction, with the origin located at the center of rotation. When the rotation angle is φ = 0 

(position 𝒜 of the robotic platform), the transverse symmetry axis y1of the robotic platform coincides with the 

y -axis, the longitudinal axis (𝑥1) inclination angle is β. 

When φ = 90°, the axis x₁ becomes parallel to the y-axis 𝑥1 ǁ y, while y1 coincides with the 𝑥-axis and 

is inclined at angle β (Figure 2). When φ = 180°, the configuration becomes symmetric to position 𝒜. For all 

intermediate positions (e.g., position B), the inclination of the robotic platform is characterized by angles β₁ 

and β₂, which are determined as follows: 

{
𝑠𝑖𝑛𝛽1 = 𝑠𝑖𝑛𝛽 · 𝑠𝑖𝑛𝜑,
𝑠𝑖𝑛𝛽2 = 𝑠𝑖𝑛𝛽 · 𝑐𝑜𝑠𝜑.

 (1) 

 

Let consider the analysis of the forces acting on the robotic platform during turning motion at an 

arbitrary intermediate position B within the range 0 ≤ 𝜑 ≤ 900 (Figure 3) (within the interval 90 − 1800, the 

configuration is repeated symmetrically).      

 
Fig. 2 - Schematic diagram of tilt-angle transformation during the turning motion  

of the robotic platform 

 

At the specified position, the following forces and torques act on the robotic platform: 

The gravitational force G acts at the center of mass and has three components: G𝑥 = Gcosβ1 · 𝑠𝑖𝑛β2, 

directed along the 𝑥2 axis, Gy = G𝑠𝑖𝑛β1 - directed along the y2 axis, Gƶ = Gcosβ1 · cosβ2 – perpendicular to the 

inclined plane. 
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Fig. 3 - Kinematic and dynamic analysis scheme of the turning motion of the robotic platform  

on an inclined surface  

 

At the wheel–ground contact surfaces, the support reactions Ƶ𝑖, act normal to the supporting surface. 

The driving (tractive/tangential) forces Xᵢ act at the wheel contact surfaces and are perpendicular both to the 

wheel radii (𝑟𝑤) and to the turning radii 𝑅𝑖 associated with rotation about point O. The lateral slip resistance 

forces 𝑌𝑖,  also act at the wheel–ground contact surfaces and are directed along the turning radii (𝑅𝑖). In the 

general case, the wheels are also subjected to a torque of the rolling resistance (𝑀𝑖𝑓).  

The robotic platform is additionally subjected to inertial force factors. At the center of mass (𝑂1
′ ), the 

longitudinal inertial force 𝑇 acts along the 𝑥2 axis, with its direction determined by the nature of the motion 

(acceleration or deceleration). The centrifugal force 𝑁 associated with curvilinear motion acts along the y2 axis. 

The wheels are also subjected to inertial torques (𝑀𝑖j), as well as the inertial torque of the robotic platform 

associated with curvilinear motion about the ƶ-axis, denoted by 𝑀j (Litvinov, 1971; Qiu et al., 2018; Zinoviev, 

1975). 

To solve the problem of lateral slip of the robotic platform, it is first necessary to determine the support 

reactions at the wheel–ground contact surfaces, namely Ƶ1, Ƶ2, Ƶ3 and  Ƶ4. By formulating the equilibrium 

equations with respect to the axes passing through the wheel support points (𝐶𝒟, 𝐸𝐹, 𝐶𝐹 and DE) and 

performing the corresponding transformations, the following equations are obtained: 

Ƶ1 + Ƶ2 =
Gƶ
2
+
G𝑥 · h

2𝑎
−
𝑇 · h

2𝑎
−
4𝑀𝑖j

2𝑎
 (2) 

Ƶ3 + Ƶ4 =
Gƶ
2
−
G𝑥 · h

2𝑎
+
𝑇 · h

2𝑎
+
4𝑀𝑖j

2𝑎
 (3) 

Ƶ1 + Ƶ4 =
Gƶ
2
+
Gy · h

2𝑏
−
𝑁 · h

2𝑏
 (4) 

Ƶ2 + Ƶ3 =
Gƶ
2
+
Gy · h

2𝑏
+
𝑁 · h

2𝑏
 (5) 

Besides: 

Ƶ1 + Ƶ2 + Ƶ3 + Ƶ4 = Gƶ (6) 

Let’s also introduce the following denotations: 

{
 

 
Ƶ1 + Ƶ2 = 𝒜

Ƶ3 + Ƶ4 = 𝐵
Ƶ1 + Ƶ4 = 𝐶

Ƶ2 + Ƶ3 = 𝒟.

⇒  𝒜 +  𝐵 =  𝐶 + 𝒟 (7) 
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Let us denote: Ƶ1 = 𝑆, where 𝑆 is an arbitrary parameter. Then: 

{
 

 
Ƶ1 =  𝑆                                  

Ƶ2  =  𝒜 −  𝑆                        
Ƶ3  =  𝐵 −  𝐶 +  𝑆 =  𝒟 +  𝑆

Ƶ4 = 𝐶 −  𝑆.                           

 (8) 

The parameter 𝑆 characterizes the redistribution of the load among the supports, which does not alter 

the quantities (Ƶ1 + Ƶ2), ( Ƶ1 + Ƶ4), ( Ƶ3 + Ƶ4) and ( Ƶ2 + Ƶ3), in other words, equilibrium is preserved, and the 

model is self-balancing (Buchholz, 2023; Ilarionov, 2013; Litvinov, 1971).  

Using Equations (2), (3), (4), and (5), together with relations (6) and (8), and considering that G𝑥 =

Gcosβ1 · 𝑠𝑖𝑛β2, Gy = G𝑠𝑖𝑛β1, Gz = Gcosβ1 · cosβ2, where the angles β1 and β2 are determined from Equation 

(1), 𝑁 =
G

𝑔
𝜔2𝑅0, 𝑇 =

G

𝑔
·
𝑑𝑣

𝑑𝑡
, 𝑀𝑖j = J𝑤 ·

𝑑𝜔𝑤

𝑑𝑡
 (J𝑤 is the wheel torque of inertia, and 

𝑑𝜔𝑤

𝑑𝑡
 is the angular acceleration 

of the wheel), and taking into account that uniform motion of the robotic platform is considered, the following 

equations are obtained for the support reactions: 

Ƶ1 =
𝐺

4
𝑐𝑜𝑠𝛽1 · 𝑐𝑜𝑠𝛽2 −

ℎ · 𝐺

2𝐿
· 𝑠𝑖𝑛𝛽1 +

𝐺 · ℎ

2𝐵
𝑐𝑜𝑠𝛽1 · 𝑠𝑖𝑛𝛽2 −

𝐺 · ℎ · 𝜔2𝑅0
𝑔 · 𝐿

Ƶ2 =
𝐺

4
𝑐𝑜𝑠𝛽1 · 𝑐𝑜𝑠𝛽2 +

𝐺 · ℎ

2𝐿
· 𝑠𝑖𝑛𝛽1 +

𝐺 · ℎ

2𝐵
𝑐𝑜𝑠𝛽1 · 𝑠𝑖𝑛𝛽2 +

𝐺 · ℎ · 𝜔2𝑅0
𝑔 · 𝐿

Ƶ3 =
𝐺

4
𝑐𝑜𝑠𝛽1 · 𝑐𝑜𝑠𝛽2 +

𝐺 · ℎ

2𝐿
· 𝑠𝑖𝑛𝛽1 −

𝐺 · ℎ

2𝐵
𝑐𝑜𝑠𝛽1 · 𝑠𝑖𝑛𝛽2 +

𝐺 · ℎ · 𝜔2𝑅0
𝑔 · 𝐿

Ƶ4 =
𝐺

4
𝑐𝑜𝑠𝛽1 · 𝑐𝑜𝑠𝛽2 −

𝐺 · ℎ

2𝐿
· 𝑠𝑖𝑛𝛽1 −

𝐺 · ℎ

2𝐵
𝑐𝑜𝑠𝛽1 · 𝑠𝑖𝑛𝛽2 −

𝐺 · ℎ · 𝜔2𝑅0
𝑔 · 𝐿 }

 
 
 
 

 
 
 
 

. (9) 

 

It should be noted that the obtained solutions satisfy condition (7) and correctly reflect the physical 

nature of the problem. 

 

Assessment and improvement of the Motion Smoothness of the Robotic Platform 

Ensuring the smooth motion of the developed robotic platform is an important issue, since it directly 

determines the accurate execution of agro-technical processes, the operational reliability and durability of its 

components—particularly the suspension system—and the reliable performance of the orientation and control 

system. 

Figure 4. shows the schematic diagram of the suspension system of the developed robotic platform, 

which includes an elastic element (spring) (1), a coaxially mounted hydraulic damper (shock absorber) (2), 

pneumatic wheels (3) each equipped with an independent electric hub motors, and an independent wheel 

steering control unit (4). 

 
 

Fig. 4 - Schematic diagram of the suspension system of the robotic platform (all dimensions in mm) 

4 

1 

3 

2 
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It should be noted that, based on the presented suspension system configuration, from an application 

standpoint it is important to analyze the vertical translational oscillations of the platform, as well as the angular 

oscillations in the longitudinal and transverse symmetry planes. 

The computational scheme of the problem is presented in Figure 5. 

The data required for solving the problem are as follows: 

• the overall dimensions of the robot platform: length L, width B; 

• the identical stiffness of all four suspension springs cₛ; 

• wheel stiffness cw; 

• the sprung mass of the robotic platform M; 

• the mass of the assemblies located below the springs (unsprung mass) m; 

• the damping coefficient of the shock absorbers k. Since the two elastic elements the 

suspension spring and the wheel are connected in series, their combined stiffness can be represented by a 

single equivalent stiffness coefficient (Ilarionov, 2013; Litvinov, 1971). 

𝑐 =
𝑐𝑠 ∙ 𝑐𝑤
𝑐𝑠 + 𝑐𝑤

. 

Several assumptions were adopted in solving the problem, which considerably simplify the analysis 

while having no significant influence on the results.  

It is assumed that the robotic platform moves uniformly across field surface irregularities, with the 

wheels continuously rolling over them while maintaining uninterrupted contact with the ground. Under these 

conditions, the wheel axles undergo vertical displacements (qi). 

The self-weight of the robotic platform and the loads mounted on it are assumed to be distributed 

symmetrically with respect to the x and y axes, such that the center of gravity of the total mass coincides with 

the origin of the coordinate system (Figure 5). 

 
a) 

 
 

 

b) 

Fig. 5 - Scheme for determining the driving/motion smoothness of the robotic platform: 

a) schematic diagram of the suspension system, 

b) computational scheme of the platform vertical displacements 

 

In addition, the following notations were adopted: 

z0- vertical displacement of the platform’s center of mass caused by oscillations; 

z1; z2; z3; z4- vertical displacements of points C; D; E and F respectively located above the wheel axles; 

α1; α2 – rotational angles of the platform in the longitudinal and transverse planes of symmetry, 

respectively; 

a - distances from the front (conventionally defined) and rear wheel axles to the y-axis of symmetry 

passing through the center of mass (a=L/2, since the robotic platform is designed to have a symmetric 

structure); 

b- distance from the wheel suspension attachment points to the x-axis of symmetry passing through 

the center of mass (𝑏 =
𝐵

2
); 

𝜌1- radius of inertia of the robotic platform with respect to the y-axis; 

𝜌2- radius of inertia of the robotic platform with respect to the x-axis. 



Vol. 79, No. 2 / 2026  INMATEH - Agricultural Engineering 

962 

It is evident that the solution of the problem involves six unknowns: z1; z2; z3; z4; z0 and  α1 (in one 

case) and α2 (in the other case). In such situations, it is useful to establish relationships among these 

unknowns. Considering the sprung part of the robotic platform as a rigid horizontal plate CDEF (Figure 5), as 

a result of its vertical linear oscillations, at an arbitrary instant it will occupy the position C՛ D՛ E՛ F՛ while 

remaining planar. In the general case of oscillations, it is assumed that the displacements at the indicated 

points above the wheel axles are different, namely z1; z2; z3; z4. Under these conditions, geometric relationships 

exist between these displacements, making it possible to simplify the solution of the problem. In the longitudinal 

plane of symmetry of the robotic platform (along the x-axis), the displacements of the front edge points, as the 

midlines of the corresponding rectangles, are expressed as 𝑧12 =
𝑧1+𝑧2

2
, 𝑧34 =

𝑧3+𝑧4

2
. From the scheme shown 

in Figure 5, it follows that: 

𝑧12 = 𝑧0 + 𝑎1a ,          𝑧34 = 𝑧0 − 𝑎1a (11) 

From which: 

𝑎1 =
𝑧12 − 𝑧34

𝐿
=
𝑧1 + 𝑧2−𝑧3 − 𝑧4

2𝐿
 . 

 Similarly, in the plane of lateral symmetry (along the y-axis), the displacements and the rotation angle 

of the platform are given by: 

𝑧14 = 𝑧0 + 𝑎2 ∙ b;  𝑧23 = 𝑧0 − 𝑎2 ∙ b (12)   

𝑎2 =
𝑧14 − 𝑧23

𝐵
=
𝑧1 + 𝑧4−𝑧2 − 𝑧3

2𝐵
. 

(13) 

From the scheme, the following relationships also hold: 𝑧0 =
𝑧1+𝑧3

2
 , 𝑧0 =

𝑧2+𝑧4

2
 , from which it follows that: 

𝑧2 + 𝑧3 = 𝑧2 + 𝑧4

𝑧0 =
𝑧1 + 𝑧2+𝑧3 + 𝑧4

4

} (14) 

To formulate the equations of motions for the considered problem, the principles of rigid-body 

dynamics are applied (Biderman, 1980; Buchholz, 2023; Zinoviev, 1975). 

Since in this stage the task is to study only the free oscillations of the robotic platform, the forces 

caused by terrain irregularities, which include terms proportional to 𝑞𝑖, can be neglected as external excitations. 

In this case, the differential equation of motion of the platform’s center of inertia can be written in the following 

form:  

𝑀
𝑑2𝑧0
𝑑𝑡2

= k(
𝑑𝑧1
𝑑𝑡

+
𝑑𝑧2
𝑑𝑡

+
𝑑𝑧3
𝑑𝑡

+
𝑑𝑧4
𝑑𝑡
) + 𝑐(𝑧1 + 𝑧2 + 𝑧3 + 𝑧4) = 0. 

(15) 

The torque equations about the x and y axes passing through the center of inertia will be:  

Μ𝜌1
2
𝑑2𝛼1
𝑑𝑡2

+ ka (
𝑑𝑧1
𝑑𝑡

−
𝑑𝑧2
𝑑𝑡

−
𝑑𝑧3
𝑑𝑡

+
𝑑𝑧4
𝑑𝑡
) + 𝑐(𝑧1 − 𝑧2 − 𝑧3 + 𝑧4) = 0, 

    

(16) 

Μ𝜌2
2
𝑑2𝛼2
𝑑𝑡2

+ k𝑏 (
𝑑𝑧1
𝑑𝑡

+
𝑑𝑧2
𝑑𝑡

−
𝑑𝑧3
𝑑𝑡

−
𝑑𝑧4
𝑑𝑡
) + c𝑏(𝑧1 + 𝑧2 − 𝑧3 − 𝑧4) = 0. 

    

(17) 

By inserting the values of 𝛼1, 𝛼2 𝑎𝑛𝑑  𝑧0 from the Equations of (11); (13) and (14) in the Equations of  

(15); (16) and (17), the following is obtained:  

Μ ∙
1

4
(
𝑑2𝑧1
𝑑𝑡2

+
𝑑2𝑧2
𝑑𝑡2

+
𝑑2𝑧3
𝑑𝑡2

+
𝑑2𝑧4
𝑑𝑡2

) + k (
𝑑𝑧1
𝑑𝑡

+
𝑑𝑧2
𝑑𝑡

+
𝑑𝑧3
𝑑𝑡

+
𝑑𝑧4
𝑑𝑡
) + 𝐶(𝑧1 + 𝑧2 + 𝑧3 + 𝑧4) = 0, 

     

(18) 

Μ𝜌1
2

2𝐿
∙ (
𝑑2𝑧1
𝑑𝑡2

+
𝑑2𝑧2
𝑑𝑡2

−
𝑑2𝑧3
𝑑𝑡2

−
𝑑2𝑧4
𝑑𝑡2

) +  ka (
𝑑𝑧1
𝑑𝑡

−
𝑑𝑧2
𝑑𝑡

−
𝑑𝑧3
𝑑𝑡

+
𝑑𝑧4
𝑑𝑡
) + 𝑐a(𝑧1 − 𝑧2 − 𝑧3 + 𝑧4) = 0, 

   

(19) 

Μ𝜌2
2

2𝐵
∙ (
𝑑2𝑧1
𝑑𝑡2

+
𝑑2𝑧4
𝑑𝑡2

−
𝑑2𝑧2
𝑑𝑡2

−
𝑑2𝑧3
𝑑𝑡2

) + kb (
𝑑𝑧1
𝑑𝑡

+
𝑑𝑧2
𝑑𝑡

−
𝑑𝑧3
𝑑𝑡

−
𝑑𝑧4
𝑑𝑡
) + 𝑐𝑏(𝑧1 + 𝑧2 − 𝑧3 − 𝑧4) = 0. (20) 

 

To establish the relationships between Equations (18) and (19), (18) and (20) Equation (18) is 

multiplied by 𝑎 and is added to (19), then (18) is multiplied by 𝑎 and (19) is subtracted. In both cases, the 

resulting equations are divided by L. Similarly, Equation (18) is multiplied by b and added to Equation (20), 

and the resulting equation is divided by B. Equation (18) is then multiplied by b and Equation (20) is subtracted 

from the result, after which the resulting equation is divided by B. Considering the symmetry of the system, 

such that L=2a and B=2b, the following equations are obtained: 
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Μ(
a2 + 𝜌1

2

2𝐿2
) (
𝑑2𝑧1
𝑑𝑡2

+
𝑑2𝑧2
𝑑𝑡2

) + Μ(
a2 − 𝜌1

2

2𝐿2
) ∙ (

𝑑2𝑧3
𝑑𝑡2

+
𝑑2𝑧4
𝑑𝑡2

) + k (
𝑑𝑧1
𝑑𝑡

+
𝑑𝑧4
𝑑𝑡
) + 𝑐(𝑧1 + 𝑧4) = 0, (21) 

Μ(
a2 − 𝜌1

2

2𝐿2
) (
𝑑2𝑧1
𝑑𝑡2

+
𝑑2𝑧2
𝑑𝑡2

) + Μ(
a2 + 𝜌1

2

2𝐿2
) ∙ (

𝑑2𝑧3
𝑑𝑡2

+
𝑑2𝑧4
𝑑𝑡2

) + k (
𝑑𝑧1
𝑑𝑡

+
𝑑𝑧3
𝑑𝑡
) + 𝑐(𝑧1 + 𝑧3) = 0, (22) 

 

Μ(
b2 + 𝜌2

2

2𝐵2
) (
𝑑2𝑧1
𝑑𝑡2

+
𝑑2𝑧4
𝑑𝑡2

) + Μ(
b2 − 𝜌2

2

2𝐵2
) ∙ (

𝑑2𝑧2
𝑑𝑡2

+
𝑑2𝑧3
𝑑𝑡2

) + k (
𝑑𝑧1
𝑑𝑡

+
𝑑𝑧2
𝑑𝑡
) + 𝑐(𝑧1 + 𝑧2) = 0, (23) 

 

Μ(
b2 − 𝜌2

2

2𝐵2
)(
𝑑2𝑧1
𝑑𝑡

+
𝑑2𝑧4
𝑑𝑡2

) + Μ(
b2 + 𝜌2

2

2𝐵2
) ∙ (

𝑑2𝑧2
𝑑𝑡2

+
𝑑2𝑧3
𝑑𝑡2

) + k(
𝑑𝑧3
𝑑𝑡

+
𝑑𝑧4
𝑑𝑡
) + 𝑐(𝑧3 + 𝑧4) = 0. (24) 

                                                      

The Equations (21)–(22) and (23)–(24) are pairwise interrelated through their first and second terms 

Even in the particular case where a = 𝜌1 and b = 𝜌2, these interrelations are preserved. This indicates that the 

vertical oscillations of the considered robotic platform, characterized by the coordinates z1; z2; z3 and z4 are 

mutually coupled. 

The following notation is introduced: 

Μ(
a2 + 𝜌1

2

2𝐿2
) = Μ1;   Μ (

a2 − 𝜌1
2

2𝐿2
) = Μ2;  Μ(

b2 + 𝜌2
2

2B2
) = Μ3;   Μ(

b2 − 𝜌2
2

2B2
) = Μ4. 

The Equations (21) (22); (23) and (24) will take the following form: 

Μ1 (
𝑑2𝑧1
𝑑𝑡2

+
𝑑2𝑧2
𝑑𝑡2

) +Μ2 (
𝑑2𝑧3
𝑑𝑡2

+
𝑑2𝑧4
𝑑𝑡2

) + 𝑘 (
𝑑2𝑧1
𝑑𝑡

+
𝑑2𝑧4
𝑑𝑡

) + 𝑐(𝑧1 + 𝑧4) = 0, (25) 

Μ2 (
𝑑2𝑧1
𝑑𝑡2

+
𝑑2𝑧2
𝑑𝑡2

) +Μ1 (
𝑑2𝑧3
𝑑𝑡2

+
𝑑2𝑧4
𝑑𝑡2

) + 𝑘 (
𝑑𝑧2
𝑑𝑡

+
𝑑𝑧3
𝑑𝑡
) + 𝑐(𝑧2 + 𝑧3) = 0, (26) 

Μ3 (
𝑑2𝑧1
𝑑𝑡2

+
𝑑2𝑧4
𝑑𝑡2

) + Μ4 (
𝑑2𝑧2
𝑑𝑡2

+
𝑑2𝑧3
𝑑𝑡2

) + 𝑘 (
𝑑𝑧1
𝑑𝑡

+
𝑑𝑧2
𝑑𝑡
) + 𝑐(𝑧1 + 𝑧2) = 0, (27) 

Μ4 (
𝑑2𝑧1
𝑑𝑡

+
𝑑2𝑧4
𝑑𝑡2

) +Μ3 (
𝑑2𝑧2
𝑑𝑡2

+
𝑑2𝑧3
𝑑𝑡2

) + 𝑘 (
𝑑𝑧3
𝑑𝑡

+
𝑑𝑧4
𝑑𝑡
) + 𝑐(𝑧3 + 𝑧4) = 0. (28) 

 

The obtained equations enable to study the free oscillations of the robotic platform and also serve as 

a basis for the further investigation of its forced vibrations. 

 

RESULTS AND ANALYSIS 

Stability Conditions of the Robotic Platform Motion on Slopes 

For the initial parameters of the developed robotic platform (𝐿 = 1.6m, 𝐵 = 1.2m, 𝐺 = 5000 N, ℎ = 0․6m,  

𝜔 = 0․278 s-1, 𝑅0 = 5m, 𝛽 = 100) the following results are obtained for three characteristic positions using the 

derived equations:  

when 𝜑 = 00, 𝑠𝑖𝑛𝛽1 = 0, 𝛽1 = 0, 𝑠𝑖𝑛𝛽2 = 𝑠𝑖𝑛𝛽, 𝛽2 = 𝛽, 𝐺ƶ = Gcosβ1 · cosβ2 = 5000 · 0.9848 = 4925 𝑁;  

when 𝜑 = 450, 𝑠𝑖𝑛𝛽1 = 𝑠𝑖𝑛𝛽 · 𝑠𝑖𝑛𝜑 = 0.1222, 𝑠𝑖𝑛𝛽2 = 𝑠𝑖𝑛𝛽 · 𝑐𝑜𝑠𝜑 = 0.1222, 𝑐𝑜𝑠𝛽1 = 𝑐𝑜𝑠𝛽2 = 0.9925, 

Gƶ = Gcosβ1 · cosβ2 = 5000 · 0.9925 = 4962․5 𝑁;  

when 𝜑 = 900, 𝑠𝑖𝑛𝛽1 = 𝑠𝑖𝑛𝛽 · 𝑠𝑖𝑛𝜑, 𝛽1 = 𝛽, 𝛽2 = 0, 𝐺ƶ = 𝐺cosβ1 · cosβ2 = 5000 · 0.9848 = 4925 𝑁;  

Substituting the numerical values into Equations (9), the following values are obtained for the support 

reactions: 

when 𝜑 = 00, Ƶ1 = 1355 𝑁; Ƶ2 = 1515 𝑁; Ƶ3 = 1095 𝑁; Ƶ4 = 960 𝑁, verification: Ƶ1 + Ƶ2 + Ƶ3 + Ƶ4 =

4925 𝑁 = Gƶ; 

when 𝜑 = 450, Ƶ1 = 1195 𝑁; Ƶ2 = 1562․5 𝑁; Ƶ3 = 1265 𝑁; Ƶ4 = 940 𝑁, verification: Ƶ1 + Ƶ2 + Ƶ3 + Ƶ4 =

4962․5 𝑁 = Gƶ; 

when 𝜑 = 900, Ƶ1 = 1004․5 𝑁; Ƶ2 = 1458 𝑁; Ƶ3 = 1458 𝑁; Ƶ4 = 1004․5 𝑁, verification: Ƶ1 + Ƶ2 + Ƶ3 +

Ƶ4 = 4925 𝑁 = Gƶ. 

 

The discussion of the robotic platform overturning problem is of little practical significance, since its 

operational speeds (3 – 6 km/h) and field slope angles (up to 70) cannot create a situation in which, even in 

the most unfavorable position (𝜑 = 900) the support reactions Ƶ1 and  Ƶ4 become equal to 0. In this regard, the 

analysis of lateral skidding is of primary importance.   
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To determine the resistance forces against lateral skidding, it is first necessary to determine the 

tangential reactions (𝑋𝑖) developed at all driving wheels during rolling motion. It is known that these reaction 

forces are determined as follows:   

𝑋𝑖 = 𝑃 − 𝑓Ƶ𝑖 

where 𝑃 is the circumferential force acting on each driving wheel, 𝑓 is the rolling resistance coefficient, for 

various soils 𝑓 = 0,10 ÷ 0,25 (Cho et al., 2002; Litvinov, 1971), while for cultivated soils  𝑓 = 0,25; Ƶ𝑖 is the 

reaction force at the wheel–ground contact surface. For the considered case:  

𝑃 =
𝑀𝑚 · 𝑖 · η

𝑟𝑤
− J𝑤 ·

𝑑𝜔𝑤
𝑑𝑡

·
1

𝑟𝑤
 

where; r – wheel diameter, Mm - a torque developed by the electric motor, i – a transmission ratio of the motor–

wheel drivetrain, 𝜂 – a drivetrain efficiency, J – a wheel moment of inertia,  𝑑𝜔𝑤 – an angular acceleration of 

the wheel 

Taking into account that, 
𝑑𝜔𝑤

𝑑𝑡
=

1

𝑟𝑤
·
𝑑𝑣

𝑑𝑡
 the following expression is obtained: 

𝑋𝑖 =
𝑀𝑚 · 𝑖 · η

𝑟𝑤
− J𝑤 ·

1

𝑟𝑤
2
·
𝑑𝑣

𝑑𝑡
− 𝑓Ƶ𝑖 (29) 

Under uniform motion conditions  
𝑑𝑣

𝑑𝑡
= 0, therefore:  

𝑋𝑖 =
𝑀𝑤

𝑟𝑤
− 𝑓Ƶ𝑖 (30) 

In the case under consideration, where all four wheels are driving wheels and are independently 

controlled, the tangential (reaction) forces are not equal in either magnitude and direction. As a result, a torque 

𝑀ƶ is generated, causing the robotic platform to rotate in the plane of motion. This torque significantly affects 

lateral skidding.  

 

Fig. 6 - Schematic diagram for 

determining the torque about the 

vertical axis of the robotic platform 

The value/magnitude of this torque is determined according to the scheme shown in Figure 6 as 

follows:                                

𝑀ƶ = 𝑋4
′ · 𝑎 + 𝑋3

′ · 𝑎 + 𝑋2
′ · 𝑎 + 𝑋1

′ · 𝑎 − 𝑋1
" · 𝑏 + 𝑋2

" · 𝑏 + 𝑋3
" · 𝑏 − 𝑋4

" · 𝑏, 

𝑀ƶ = (𝑋1𝑠𝑖𝑛𝜃1 + 𝑋2𝑠𝑖𝑛𝜃2 + 𝑋3𝑠𝑖𝑛𝜃3 + 𝑋4𝑠𝑖𝑛𝜃4)𝑎 + (𝑋2𝑐𝑜𝑠𝜃2 + 𝑋3𝑐𝑜𝑠𝜃3)𝑏 − (𝑋1𝑐𝑜𝑠𝜃1 + 𝑋4𝑐𝑜𝑠𝜃4)𝑏;         (31) 

Taking into account that in the considered case 𝜃1 = 𝜃4; 𝜃2 = 𝜃3, for 𝑀ƶ Equation (32) becomes: 

𝑀ƶ = (𝑋1 + 𝑋4)𝑎 · 𝑠𝑖𝑛𝜃1 + (𝑋2 + 𝑋3)𝑎 · 𝑠𝑖𝑛𝜃2 + (𝑋2 + 𝑋3)𝑏 · 𝑐𝑜𝑠𝜃2 − (𝑋1 + 𝑋4)𝑏 · 𝑐𝑜𝑠𝜃1. 
(32)     

In the final equation, the forces 𝑋1; 𝑋2; 𝑋3 and 𝑋4 are determined by Equations (29) or (30). The 

problem of determining 𝜃1 and 𝜃2 as well as establishing the relationship between them, is comprehensively 

discussed in the work of Tarverdyan et al. (2025). Therefore, the torque 𝑀ƶ is determined and for the indicated 

direction, it is always positive and at least equal to the sum of the first two terms of the equation. 
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After determining the force factors Ƶ𝑖; 𝑋𝑖 and 𝑀ƶ the lateral resistance (reaction) forces 𝑌1, 𝑌2, 𝑌3 and 

𝑌4 can be determined. Naturally, these forces may be obtained from the dynamic equilibrium conditions of the 

robot platform; however, it should be emphasized that, in the analysis of the lateral drift phenomenon, the 

individual determination of these forces is not essential, since lateral skidding is caused by the pairwise 

combined lateral slip of the conventionally defined front and rear wheels. Proceeding from this consideration, 

the problem of determining the resultant forces (𝑌3 + 𝑌4)  and (𝑌1 + 𝑌2) was examined. 

Let the resultant force (𝑌1 + 𝑌2)  be transferred to point 𝐾 on the longitudinal axis of symmetry (𝑥2), and 

denote it by 𝑌𝐾. Similarly, let the resultant (𝑌3 + 𝑌4) = 𝑌𝒜 be applied at point 𝒜. It should be noted that this 

transfer does not alter the mechanical effect of the force system, since the forces 𝑌1 and 𝑌2; 𝑌3 and 𝑌4  form 

pairwise concurrent force systems. Since a symmetric system is considered, 𝑌𝒜 and 𝑌𝐾 are inclined relative to 

the y1 − axis by the same angle 𝛼, where  𝑡𝑔𝛼 =
𝑎

𝑅0
. 

Considering the equilibrium condition of the torque of the forces acting on system with respect to the 

axes Ƶ1 and Ƶ2 passing through points 𝒜 and 𝐾 respectively, and using the schematic diagrams shown in 

Figures 3 and 6, the following equations are obtained: 

∑𝑀Ƶ1
= 0;   −𝑌𝒜𝑐𝑜𝑠𝛼 · 2𝑎 + 𝑀ƶ +𝑀j + Gy · 𝑎 + 𝑁 · 𝑎 = 0; 

∑𝑀Ƶ2 = 0;     𝑌𝐾𝑐𝑜𝑠𝛼 · 2𝑎 +𝑀ƶ +𝑀j − Gy · 𝑎 − 𝑁 · 𝑎 = 0;   or 

𝑌𝒜 =
𝑀ƶ  +  𝑀j  +  Gy · 𝑎 +  𝑁 · 𝑎

2𝑎 · 𝑐𝑜𝑠𝛼
 

(33) 

𝑌𝐾 =
𝑁 · 𝑎 +  Gy · 𝑎 −  𝑀ƶ  −  𝑀j

2𝑎 · 𝑐𝑜𝑠𝛼
 

(34) 

In these equations, the torque 𝑀ƶ is determined from Equation (32). The inertial torque 𝑀j is determined 

as follows:  

𝑀j = 𝑚𝜌2
𝑑𝜔

𝑑𝑡
, 

where:  𝑚 is the total loaded mass of the robot platform, 𝜌 is the radius of inertia of the mass 𝑚 with respect 

to Z axis perpendicular to the 𝑥𝑜y  plane and passing through the center of mass;  
𝑑𝜔

𝑑𝑡
 is the angular acceleration 

of the rotational motion of the robot platform during turning (for uniform motion 
𝑑𝜔

𝑑𝑡
= 0). Gy is the component 

of the gravitational force directed along the transverse axis of symmetry (y2) of the platform:  

Gy =  G · 𝑠𝑖𝑛𝛽 · 𝑠𝑖𝑛𝜑. 

𝑁 is the centrifugal force generated during turning motion:  

𝑁 = 𝑚𝜔2𝑅0. 

Let us determine the magnitude of the lateral drift forces for the adopted initial numerical values, when 

𝜑 = 900 and Gy attains its maximum value: 

Gy =  G · 𝑠𝑖𝑛𝛽. 

The numerical data are the same as in the previous example; in this case, the following additional data 

are also required:  

 𝑀𝑚 = 150𝑁 · m; η = 0.9; 𝑟𝑤 = 0.2𝑚; Ƶ1 = 1004𝑁; Ƶ2 = 1458𝑁; Ƶ3 = 1458𝑁; Ƶ4 = 1004𝑁; 𝜃1 = 12
0; 

𝜃2 = 90; 𝛼 = 100; 

For these values, Equation (30) yields the following values for 𝑋𝑖 .  (assuming that the motion of the 

robot platform is uniform): 

𝑋1 = 349.0𝑁;  𝑋2 = 236․0𝑁; 𝑋3 = 236․0𝑁; 𝑋4 = 349.0𝑁. 

Using Equation (32), the following value is obtained for 𝑀ƶ : 𝑀ƶ = 46.3𝑁 · m;  Gy =  868𝑁; 𝑁 =

193.25𝑁 (as noted earlier, in the considered case it is assumed that 𝑀j = 0). 

Using Equations (33) and (34), the lateral drift forces (𝑌𝒜 and 𝑌𝐾) of the rear and front axles of the 

robotic platforms are obtained as:  

𝑌𝒜 = 568.0 𝑁; 𝑌𝐾 = 508.8 𝑁. 

For these values of lateral forces, lateral skidding will not occur provided that   (Ƶ3 + Ƶ4) · 𝜇 > 𝑌𝒜  and 

(Ƶ1 + Ƶ2) · 𝜇 > 𝑌𝐾, where  𝜇 is the coefficient of adhesion between the wheel and the supporting surface. For 

cultivated soil types 𝜇 = 0,4 ÷ 0,45 (Litvinov, 1971; Sineokov and Panov, 1977).  For the considered example:  

(1004 + 1452) · 0.45 > 𝑌𝒜. 

982.4 𝑁 >  568.0 𝑁 , moreover,  

982․4 𝑁 >  508․8 𝑁. 

Therefore, the condition excluding lateral skidding is satisfied.  
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Evaluating and Ensuring the Smooth Motion of the Robot Platform  

It is well established that, for mobile vehicles—including the robot platform considered and analyzed 

in this study—the maximum smoothness of motion is ensured when 𝑎 = 𝜌1, and in the present case, also when 

𝑏 = 𝜌2  (Litvinov,1971; Tarverdyan et al., 2025; Zinoviev, 1975). Under these conditions, Μ2 = 0; Μ4 = 0 and 

therefore, Equations (25), (26), (27), (28) take the following form: 

Μ1 (
𝑑2𝑧1
𝑑𝑡2

+
𝑑2𝑧2
𝑑𝑡2

) + 𝑘 (
𝑑𝑧1
𝑑𝑡

+
𝑑𝑧4
𝑑𝑡
) + 𝑐(𝑧1 + 𝑧4) = 0, 

(35) 

Μ1 (
𝑑2𝑧3
𝑑𝑡2

+
𝑑2𝑧4
𝑑𝑡2

) + 𝑘 (
𝑑𝑧2
𝑑𝑡

+
𝑑𝑧3
𝑑𝑡
) + 𝑐(𝑧2 + 𝑧3) = 0, 

(36) 

Μ3 (
𝑑2𝑧1
𝑑𝑡2

+
𝑑2𝑧4
𝑑𝑡2

) + 𝑘 (
𝑑𝑧1
𝑑𝑡

+
𝑑𝑧2
𝑑𝑡
) + 𝑐(𝑧1 + 𝑧2) = 0, 

(37) 

Μ3 (
𝑑2𝑧2
𝑑𝑡2

+
𝑑2𝑧3
𝑑𝑡2

) + 𝑘 (
𝑑𝑧3
𝑑𝑡

+
𝑑𝑧4
𝑑𝑡
) + 𝑐(𝑧3 + 𝑧4) = 0. 

(38)   

The following notations are introduced: 

𝑧1 + 𝑧2 = 𝑅;
𝑧1 + 𝑧4 = 𝑄;
𝑧3 + 𝑧4 = 𝐹;
𝑧2 + 𝑧3 = 𝑁; 

    and also note that  𝑅 + 𝐹 = 𝑄 + 𝑁 } (39) 

Then, combining Equations (35) and (37) yields: 

{
 
 

 
 𝑑2𝑅

𝑑𝑡2
+
𝑘

Μ1

∙
𝑑𝑄

𝑑𝑡
+
𝑐

Μ1

∙ 𝑄 = 0; 

𝑑2𝑄

𝑑𝑡2
+
𝑘

Μ1

∙
𝑑𝑅

𝑑𝑡
+
𝑐

Μ1

∙ 𝑅 = 0.      

 (40) 

Similarly, from Equations (36) and (38):  

{
 
 

 
 𝑑

2𝐹

𝑑𝑡2
+
𝑘

Μ1

∙
𝑑𝑁

𝑑𝑡
+
𝑐

Μ1

∙ 𝑁 = 0;  

𝑑2𝑁

𝑑𝑡2
+
𝑘

Μ3

∙
𝑑𝐹

𝑑𝑡
+
𝑐

Μ3

∙ 𝐹 = 0.    

 (41) 

It follows from the latter equations that systems (40) and (41) are identical, i.e., 𝐹 = 𝑅;   𝑁 = 𝑄. 

Therefore, it is sufficient to solve only system (40). 

The following substitutions are introduced: 

𝑋 = √Μ1 ∙ 𝑅;   𝑌 = √Μ3 ∙ 𝑄 (42) 

𝛼 =
𝑘

√Μ1 ∙ Μ3

;    𝛾 =
𝑐

√Μ1 ∙ Μ3

. (43) 

The system of equations in Equation (40) can then be written as: 

{
𝑋 ՛՛ + 𝛼𝑌՛ + 𝛾𝑌 = 0; 

𝑌՛՛ + 𝛼𝑋 ՛ + 𝛾𝑌 = 0.
 

(44) 

The following notation is introduced: 

X+Y=U;   X-Y=V (45) 

Adding and subtracting the equations in system (44) yields: 

𝑈՛՛ + 𝛼𝑈՛ + 𝛾𝑈 = 0; (46) 

𝑉 ՛՛ − 𝛼𝑉 ՛ − 𝛾𝑌 = 0. (47) 

The characteristic equation associated with Equation (46) will be: 

𝜀2 + 𝛼𝜀 + 𝛾 = 0; whose roots are: 

𝜀1,2 =
−𝛼±√𝛼2−4𝛾

2
=

−𝛼±𝑖√4𝛾−𝛼2

2
= −

𝛼

2
±

𝑖𝜔

2
, where 𝜔 = √4𝛾 − 𝛼2. 

Since 4𝛾 > 𝛼2, the general solution of Equation (46) will be:  

𝑈(𝑡) = 𝑒−
𝛼𝑡
2 (A1𝑐𝑜𝑠

𝜔

2
𝑡 + A2𝑠𝑖𝑛

𝜔

2
𝑡). 

(48) 

The characteristic equation associated with Equation (47) is: 𝜉2 − 𝛼𝜉 − 𝛾 = 0, which has two real roots: 

𝜀1,2 =
𝛼±√𝛼2+4𝛾

2
, besides 𝜀1 =

𝛼+√𝛼2+4𝛾

2
> 0. 

The general solution of Equation (47) is therefore: 

𝑉(𝑡) = A3𝑒
𝜀1𝑡 + A4𝑒

𝜀2𝑡 . (49) 



Vol. 79, No. 2 / 2026  INMATEH - Agricultural Engineering 

967 

Because an exponentially increasing solution has no physical meaning in this context, the following 

condition A3 = 0 is imposed. 

Returning to the original functions R and Q and using Equations (42) and (45), the following is obtained:      

𝑅 =
𝑈+𝑉

2√Μ1
; 𝑄 =

𝑈−𝑉

2√Μ3
,  or 

𝑅(𝑡) =
1

2√Μ1

[𝑒−
𝛼𝑡
2 (A1𝑐𝑜𝑠

𝜔

2
𝑡 + A2𝑠𝑖𝑛

𝜔

2
𝑡) + A4𝑒

𝜀2𝑡] ; (50) 

𝑄(𝑡) =
1

2√Μ3

[𝑒−
𝛼𝑡
2 (A1𝑐𝑜𝑠

𝜔

2
𝑡 + A2𝑠𝑖𝑛

𝜔

2
𝑡) − A4𝑒

𝜀2𝑡]. (51) 

 The solution to system (39) is now considered. Taking into account that 𝑅 + 𝐹 = 𝑄 + 𝑁;⇒ 𝑅 = 𝑄, the 

solution can be expressed as: 

𝑧1 = 𝑄 − 𝑧4;        𝑧2 = 𝑅 − 𝑄 + 𝑧4;       𝑧3 = 𝐹 − 𝑧4. 

where 𝑧4 is an arbitrary function. 

Using the geometric relationship among the vertical linear displacements given by Equation (14), the 

following expression is obtained: 

𝑄 − 𝑧4 +  𝐹 − 𝑧4 =  𝑅 − 𝑄 + 𝑧4 + 𝑧4, from which it follows that: 

𝑧4 =
2𝑄

4
=
𝑄

2
=
𝑅

2
. 

Thus: 𝑧1 = 𝑧2 = 𝑧3 = 𝑧4 =
𝑅

2
. 

The initial conditions are:  {
𝑧𝑖(0) = 𝛿,    𝑖 = 1,2,3,4 

𝑧𝑖(0)
՛ = 0,    𝑖 = 1,2,3,4.

 

Where 𝛿  is the static deflection of the elastic element (spring) of the suspension system under the 

static load. 

                           

𝑧1(0) =
𝑅(0)

2
= 𝛿 ⇒

1

4√Μ1
(A1 + A4)

𝑧2(0) =
𝑄(0)

2
= 𝛿 ⇒

1

4√Μ3
(A1 − A4)

}, wherefrom  

A1 = 2𝛿(√Μ1 + √Μ3)

A4 = 2𝛿(√Μ1 − √Μ3)
} (52) 

The following condition is now applied: 𝑧𝑖(0)
՛ = 0, 𝑧1(0)

՛ = 0 =
𝑅՛(0)

2
=

1

4√Μ1
(−

𝛼

2
A1 + A2

𝜔

2
+ A4𝜀2), 

𝑧2(0)
՛ = 0 =

𝑄՛(0)

2
=

1

4√Μ3

(−
𝛼

2
A1 + A2

𝜔

2
− A4𝜉2), 

From the latter equations it follows that:  

{
A2
𝜔

2
=
𝛼

2
A1 − A4𝜀2 ,

A2
𝜔

2
= A4𝜀2 +

𝛼

2
A1,

 

from which it follows that: 

A4 = 0,     A2 =
𝛼A1
𝜔

=
2𝛿𝛼

𝜔
 (√Μ1 + √Μ3). (53) 

From the condition A4 = 0, it becomes evident that √Μ1 = √Μ3 , Μ1 = Μ3. 

Thus, taking into account Equations (50), (51), (52)  and (53), the following equation is obtained for 

the linear displacements of oscillation: 

𝑧1 = 𝑧2 = 𝑧3 = 𝑧4 =
1

4√Μ1

∙ 𝑒−
𝛼𝑡
2 (4𝛿√Μ1 ∙ 𝑐𝑜𝑠

𝜔𝑡

2
+
4𝛿𝛼

𝜔
∙ √Μ1𝑠𝑖𝑛

𝜔𝑡

2
). 

Or, in final form:   

𝑧𝑖(t) = 𝛿𝑒−
𝛼𝑡
2 ∙ (𝑐𝑜𝑠

𝜔𝑡

2
+
𝛼

𝜔
∙ 𝑠𝑖𝑛

𝜔𝑡

2
) (54) 

Based on the analysis of the free oscillations of the robotic platform, the derived equations make it 

possible to determine the key oscillation parameters included in the characteristic performance indicators of 

the suspension system, namely the oscillation frequency, amplitude, and period, which determine the 

smoothness of motion (Biderman, 1980; Ilarionov, 2013; Zinoviev,1975). In addition, the final Equation (54) 

makes it possible to determine the oscillation velocity: (
𝑑𝑧

𝑑𝑡
) 
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The acceleration: (
𝑑2𝑧

𝑑𝑡2
) and the rate of acceleration change, which is an important characteristic 

parameter in problems of this type: (
𝑑3𝑧

𝑑𝑡3
)․ 

Based on Equation (54), the equations derived from it, and the initial parameters of the robotic platform 

being developed, the following values were adopted: L=1,60 m; B=1,20 m; a=0,8 m; b=0,6 m; 𝜌1 = 0,8 𝑚; 𝜌2 =

0,6 𝑚; M=500 kg. Under these conditions: Μ1 = Μ2 = Μ3 = Μ4 = 125 kg, the equivalent stiffness coefficient of 

the suspension system is: 𝑐𝑏 = 66.65 ∙ 10
3 𝑁

𝑚
= 66.65 ∙ 103

𝑘𝑔

𝑠2
, the average value of the resistance coefficient of 

a shock absorber: 𝑘 = 420
𝑁∙𝑠

𝑚
= 420

𝑘𝑔

𝑠
, the vertical static deflection: 𝛿 = 0.01 𝑚, and with calculated values:  

 𝛼 =
𝑘

𝑀1
=

420

125
= 3.36  𝑠−1, 

𝛼

2
= 1.68  𝑠−1, 𝜔 = √

4𝑐

𝑀1
− 𝛼2 = √

4∙66.65∙103

125
− (3.36)2 = 46.06𝑠−1, the graphs 

of the obtained functions are presented in Figure 7.  

  
a) 

   
b) 

Fig․ 7 - Graphs of the free oscillations of the robot platform 
a) vertical displacements and velocities; b)  velocities and accelerations. 

 

The obtained analytical equations make it possible to select such stiffness values (c) for the elastic 

elements of the suspension system and such a damping coefficient (k), for the shock absorber (damper) that 

the required programmed parameters of the oscillatory motion are ensured.  

Furthermore, the presented results and derived equations provide the basis for the next stage of the 

research, namely the investigation of the forced oscillations of the robotic platform.      

 

CONCLUSIONS 

As a result of the stability analysis of the developed agricultural robotic platform equipped with four 

driven and self-steering wheels operating on slopes, analytical equations were obtained that make it possible 

to determine the conditions of rollover and sideslip during turning motion, as well as the threshold values of 

the slope angle and the linear velocity of turning motion. 
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The magnitude of the torque about the vertical axis, which is characteristic particularly of four-wheeled 

robotic platforms with self-steering wheels operating on slopes and has a significant influence on skidding 

phenomenon, was determined. 

Based on the analysis of the differential equation describing the motion of the robotic platform’s center 

of mass and the torque equations with respect to the platform’s transverse and longitudinal symmetry axes, 

the equations of the robotic platform’s free oscillations were derived. The derived equations make it possible 

to determine the vertical displacements, velocities, accelerations, and variations of acceleration of the 

oscillatory motion, as well as choosing the stiffness of the shock absorber (damper) required to ensure smooth 

motion of the platform.  

The obtained results are of considerable significance and provide a foundation for further 

investigations into the forced vibration behavior of the robotic platform. 
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