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ABSTRACT

The efficiency of agricultural operations depends on the length of non-working passes in the headlands.
Therefore, the aim is to minimize both turn length and headland width. Various methods are used to construct
turn trajectories, allowing them to be compared under specific conditions and enabling the most efficient
movement pattern to be selected. This article examines closed fishtail-shaped turns composed of arcs with a
given radius and straight-line segments. Analytical relationships were derived to determine the headland width
and the length of closed fishtail-shaped turns for different travel directions of a machine-tractor unit equipped
with a mounted reversible plough in an irreqularly shaped field. It was found that, at a positive angle between
the travel direction of the unit and the field boundary, movement of the unit across the field from right to left
results in shorter closed fishtail-shaped turns and requires a narrower headland than movement from left to
right.

PE3IOME

EgpekmusHocmma Ha u3zsbpuwieaHe Ha 3emedesickume ornepauyuu 3agucu om Ob/KUHama Ha HepabomHume
xodoee 8 usuyume 3a 3agusaHe. Cmpemexbm e Ob/IKUHama Ha 3agoume U WwupoYuHama Ha usuyama 3a
3asugaHe Oa 6b0am MUHUMarHuU. 3a NnocmposieaHe Ha MpaeKkmopusima Ha 3agoume ce U3r1osi3eam pasuydyHu
mMemodu, koumo roseosnsieam me 0a 6L0am cpasHsisaHu ripu onpedeneHu ycrosus u 0a 6ude usbupaH Hal-
eghekmusHUSM Ha4yuH Ha dsuxeHue. B Hacmosiwama cmamus ca pasanedaHu 3ameopeHu eb608UOHU 3a80u
uzzpadeHu om Obeu ¢ ornpedeneH paduyc u npasu NUHUU. M3gedeHu ca aHanumuyHU 3asucumocmu 3a
onpederisiHe Ha WuUpoYUHama Ha usuuama 3a 3asusaHe U Ob/KuHama Ha 2b608UGHU 3ameopeHU 3a8ou npu
pasnuyHU HarnpasieHusi Ha 08UXeHUE Ha MalWUHHO-MPAaKIMOPEeH agpeaam ¢ HageceH obpbujamerieH iy 8
riorne ¢ HernpasusiHa ghopma. YcmaHO8eHO e, Ye rpu nosioxxumerieH bebil Mex0y nocokama Ha 08UXXeHue Ha
aspesama u epaHuyama Ha rnosiemo u 08UXeHUe Ha azpeaama o rosemo omasiCHO Hassieo ebbosudHUMe
3ameopeHU 3as8ou ca C ro-masnka Ob/DKUHa U U3UCKeam [o-msiCHa usuuya 3a 3asueaHe 8 CpasHeHue C
08uUXKeHUEemMo omjisieo HadsICHO.

INTRODUCTION

To increase the efficiency of the movement of autonomous machine-tractor units in the field, it is
necessary to determine the most suitable trajectories of movement not only inside the field, but also in the
headlands. If when moving in the field, efficiency is determined mainly by the direction and sequence of work
movements, then when moving in the headlands, a choice must be made between different types of turns. The
goal is to reduce the time for making turns, their length and the headland width. This, in turn, will lead to an
increase in the productivity of the units and a decrease in soil compaction in the headlands. Ward et al. divided
the headland into three zones — transition area, turning area and area located near to the field edge. The
authors found that yields in these zones were lower than yields in the field. The main characteristic of the
turning area was traffic, and this zone consistently reported worse yields than those in the field area. The outer
zone also yielded significantly less, indicating that there were factors other than traffic that had an impact
(Ward et al., 2020).
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To select the most effective way of turning, the authors compare different types of turns, using the
following approaches to build the turns:

1. The turns consist of primitives — straight lines and arcs with a certain radius. This allows the turns
to be compared without considering factors such as driving speed and wheel turning speed.

Jeon et al. consider a stretched turn and a closed fishtail turn, which are created from arcs with the
minimum turning radius of the tractor and straight lines. When performing a closed fishtail turn, the shape of
the turn does not change depending on the angle between the direction of the working move and the field
boundary, which leads to an additional path when entering or leaving the headland, depending on this angle
(Jeon et al., 2021). In another study, the turns were built in the same way and again the shape of the turns
was not adjusted to the angle between the working move and the field boundary. This results in a larger
headland width (Wang et al., 2025). The authors point out that the length of the non-working move decreases
by 18%, which is due to the different way of moving in the field.

Han et al. conducted a simulation study of three types of turns in the headland. In the proposed
algorithm, the turns are built from curves with a certain turning radius of the tractor and straight sections. The
highest field efficiency is achieved when performing a fishtail turn (X-shaped) due to the shorter path in the
headland, which leads to less total field processing time. The authors recommend this turn for fields with a
larger width, while for small widths (30 m) the efficiency is higher when performing a stretched turn (C-shaped)
(Han et al., 2019).

An algorithm for performing a closed fishtail turn with an arcuate reverse is presented in (Wang and
Noguchi, 2018). Unlike other algorithms, the turning radii in the two directions are different. The authors
indicate that compared to a fishtail turn with a straight reverse movement, their proposed movement algorithm
provides a smaller lateral deviation (3.9 cm), and the time and trajectory of the turn are reduced by 17% and
21%, respectively. The headland width is also smaller.

Chen et al. derived relationships for the turn length and turning time in the headland for four types of
turns, but the type of turn depends on the angle between the travel direction and the field boundary, as well as
on the direction in which the turn is performed. According to the authors, the largest reduction in turn length,
the turning time and the headland width is achieved for the semicircular turn to the left (Chen et al., 2023).

2. The turns are made up of straight lines, arcs with a certain radius and connecting curves with a
variable radius

When the turns are made up of arcs with a minimum radius and straight lines, it is necessary for the
unit to stop or the turning of the wheels to be done very quickly, which leads to a large jerk of the machine.
Therefore, Boryga proposes to use trigonometric transition curves to perform turns in the headland. They have
a gradually changing curvature, which provides a smooth transition between the segments of the trajectory.
This reduces sudden changes in direction and improves the dynamics of movement (Boryga et al., 2025).

Sabelhaus et al. analysed three forward turns in which clothoids were used to connect straight-line
segments and circular arcs (Sabelhaus et al., 2015). A clothoid has a curvature that varies progressively up to
the reciprocal of the minimum turning radius, thereby providing a smooth transition between the other elements
of the trajectory. Sabelhaus et al. also examined seven different headland turns constructed using clothoids.
The authors indicated that the headland width is smallest in the fishtail turn, and the turn length and the time
of its execution depend on the distance between the working moves. At a short distance of 3 m, the fishtail
turn has the shortest turn length and the shortest driving time. While at 10 m the values of these indicators are
lower in the Q-turn (Sabelhaus et al., 2013).

Koc presents an analytical approach to modeling the curvature of the connecting curve using
differential equations. The method can be applied to identify various types of transition curves. The author
gives examples of solving the problem involving linear change of curvature and the curvature in polynomial
and trigonometric form (Koc, 2014).

3. Turns involve curves with variable radius and follow a guiding curve that usually copies the field
boundary

An algorithm is used to determine the field boundary based on images, then a reference line for turning
is generated at a certain distance from the field boundary, and the turning trajectory is designed based on
Bezier curves. The authors found that when turning at a lower speed, there is less lateral deviation and better
trajectory tracking effect, but the turning time is longer (Gao et al., 2023).
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Another study presented a field boundary detection algorithm based on DeepLabv3+, which also uses
Bezier curves to calculate the turning trajectory. It was found that the robot can successfully perform a turn
with @ maximum deviation of 0.09 m, demonstrating precise navigation control in complex agricultural
environments (Wu et al., 2025).

A similar algorithm is described in the patent (Kakkar et al., 2021). The turn is made along a guide line,
which has the shape of the field boundary. A different turn trajectory can be selected, which can be displayed
on the screen. The algorithm can select a trajectory according to various optimization criteria - road length,
fuel economy, etc.

4. The turns are composed of two symmetrical curves described by polynomials

Boryga et al. propose an algorithm for planning a trajectory in which the movement proceeds along
two transitional curves, constituting the so-called transition bi-curve. The authors consider turns of 90, 180,
270 and 360 degrees. According to them, the trajectories, the curvature of which is described by a polynomial
of the third degree are the most favourable. They are characterized by the smallest absolute values of maximal
acceleration and jerk and to lack jerk discontinuity (Boryga, et al., 2020).

Since the low efficiency of turning (turn length, time for its execution, headland width) is caused by the
large turning radius of the tractor, a headland turning system has been created, including a steering auxiliary
wheel in front of the tractor. This provides a large turning angle of + 180°. This way of turning reduces the time
for turning by about 50%, the turn length by about 80%, and the headland width by an average of about 50%
for different types of turns (Yang et al., 2022). Such a turning system is more effective for units with a small
and medium working width - up to 9 — 11 m (Trendafilov and Delchev, 2018). Systems with a fifth wheel on the
tractor have not yet gained popularity.

The steering system built into the tractor can be supplemented with control of the breaking force of the
wheels when turning. This will result in a reduction in the turning radius by about 15% to 35% compared to a
manually operated vehicle without breaking (Bharadwa, et al., 2021).

Fishtail turns usually have the smallest length and width of headland. Therefore, they are preferred
when making turns by implements with mounted machines. The aim of this study is to determine the headland
width and the length of fishtail closed turns performed by a reversible plough in different directions of movement
in an irregularly shaped field.

MATERIALS AND METHODS

Previous publications examined the movement of trailed and semi-mounted reversible ploughs in the
headlands of an irregularly shaped field (Trendafilov, 2010; Trendafilov, 2017). In these cases, the turns were
performed in forward motion. Trendafilov derived relationships for determining the turn length and headland
width when performing open fishtail-shaped turns with reverse movement (Trendafilov, 2025). The same
methodology is used in the present article and is described again for the reader’s convenience.

Fig. 1 shows a diagram of the machine-tractor unit. Its designations are:

- a is the angle between the direction of movement of the unit and the headland. It varies between 0°
and 90°. It is assumed that the angle is positive when it is on the right side of the unit when moving towards
the headland (Fig. 1a), and negative — on the left side of the unit (Fig. 1b);

- B — the working width of the unit;

- l,— the kinematic length of the unit;

- 1, — the distance from the center of the unit (the middle of the rear axle of the tractor) to the top of
the share of the first plough body;

- g — the distance from the axis of symmetry of the tractor to the top of the share of the last plough
body;

- y — the distance from the tractor's axis of symmetry to the end of the share of the first plough body
(or to the inner edge of the wheel of the tractor, which moves in the furrow left during the previous working
stroke);

- R — the turning radius of the unit;

- M — the distance between the outer edges of the rear wheels of the tractor;

- H — the longitudinal base (distance between the front and rear axles) of the tractor;

- E — the headland width.
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A closed fishtail turn is considered with two directions of movement of the machine-tractor unit in the
field — from left to right and from right to left. The turn is made up of three circular segments with a radius equal
to the minimum turning radius of the unit. The turn length in the headland includes the length of the circular
segments and the length of the rectilinear path travelled by the unit until reaching the inner border of the
headland. The headland width is determined by summing straight segments, the length of which can be
determined from the parameters of the unit. The headland width and the turn length are determined for an
interval of change of angle « from 10° to 90°, since below 10° a headland is not needed.

= L | border of the field 1=
Ll /—L-L 5

a b

Fig.1 - Scheme of the machine-tractor unit and angle between its direction of movement and the field boundary
(Trendafilov, 2025)
a — positive angle; b — negative angle

Only the case in which angle «a is positive is considered, since a symmetric image is obtained at a
negative angle. As indicated by Trendafilov (2010), the relationships are the same, but their positions are
interchanged. Thus, the relationships for movement across the field from left to right at a positive angle apply
to movement across the field from right to left at a negative angle, while the relationships for movement from
right to left at a positive angle a apply to movement from left to right at a negative angle.

Using the obtained relationships, the headland width and turn length were determined for a ploughing
unit with the following parameters: H =2m; M =1.8m; R =32m;B=12m;l, =2m;l, = 0.6 m;y = 0.5 m;
g = 0.7 m. The results are presented graphically and analysed.

RESULTS

Closed fishtail turn - movement from left to right

As shown in Fig. 2a, the turn is composed of three circular arcs, whose central angles satisfy the
following relationship:

B1+ B2 + Bs = 180° (1)
Hence, the turn length is obtained as:
lp =7nR (2)
The width of headland E can be determined by summing the segments of known length:
x =lg.sina+ (R—g)cosa —Rcos(a+ B;) (3)
y = H.sin(a + ;) (4)
z = —0.5M.cos(a + B;) (5)
Therefore, the headland width is obtained as:
E=x+y+z=1I,sina+(R—g)cosa+ H.sin(a + ;) — (R + 0,5M) cos(a + ;) (6)
Angle B; is determined from triangles O1CO2 and O2DOs. The following equations are used:
2Rcosf; + 2RcosfB; = 2R —B (7)
2Rsinf; + 1, + 1, = 2R sin 35 (8)

Thus angle B, is obtained as:

B; = cos™? [M;Blﬂn)]] — tan™ (lzl:r_lg) ©)

4R cos[tan‘l(zR_B
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When angle a decreases without changing angles g, the headland is bounded by the front left wheel of
the tractor, which reaches the field boundary, and by the rear plough body. At a certain value of the angle «,
the headland is additionally bounded, besides the last plough body, by the rear right wheel of the tractor at the
end of its reverse movement (Fig. 2b). This condition is necessary to prevent the tractor from entering the
already worked part of the field. In this case, the segments used to determine the headland width have the
following lengths: y — determined using Eq. (4); z — determined using Eq. (5); and

e=(R+0,5M)cos(f; —a) (10)
d = Rcos(a + S,) 11)

B3\

c d e
Fig. 2 - Scheme of a closed fishtail turn when moving from left to right

The headland width is given by:
E=e—d+y+z=(R—-05M)cos(a + ;) + H.sin(a + ;) + (R + 0,5M) cos(f; — a) (12)

From Egs. (7) and (8), angle B; is determined as follows:

" [ )

4R cos[tan‘l(%

After equating Egs. (6) and (12), the value of angle a at which the transition between the two equations
occurs is determined as follows:

+1

p3 =tan™! (l“ _”) +cos

—1 [(R+0,5M) cos f3—(R—g)+2R cosﬁl] (14)
lg+2R sin B1—(R+0,5M) sin B3

Both front wheels of the tractor reach the end of the field simultaneously when:

a = tan

a+ B, =90 (15)
For values of angle a lower than:
— lat+in
a =tan™?! (ﬁ) (16)

the values of angles g change. The boundary of the headland passes through the last plough body and the
rear right wheel of the tractor (Fig. 2c).
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After completing the turn, the tractor must perform a straight-line non-working pass of length [,,,, until
the front plough body reaches the headland boundary. The headland width is determined using Eq. (12). The
straight-line non-working pass is given by:

lyw=1ls+1,—(R—B)tana (17)

The turn length is given by:

ly =nR+1l,, =R+ 1, +1,— (R—B)tana (18)

The values of angles g are determined from triangles O1CO2 and O2DOs using Eq. (7) and the following

equation:
2RsinB; + (R — B)tana = 2R sin 8, (19)

In this expression, angle «a is used for simplification, since angle DOsF is approximately equal to a. Thus,

the angles g are obtained as follows:

B, = cos™t [ ZR}i-B)tana)]] — tan™? (2224201) (20)

4R cos[tan_l( SR—B 2R-B
_1((R-B)tana _ 2R-B
=tan~! (—) +cos™! 21
B3 2R-B 4R cos[tan_l(i(R_zi)_t;n a)] ( )
When angle a decreases and reaches the value
a =tan™! ( 5 ) (22)
lo—In

the headland boundary becomes parallel to the beam carrying the plough bodies (Fig. 2d). At a smaller angle,
the headland boundary is no longer determined by the last plough body, but by the first plough body when the
unit enters the headland and by the rear right wheel of the tractor (Fig. 2e). The front right wheel of the tractor
reaches the field boundary. The lengths of the segments used to determine the headland width are as follows:
e, determined using Eq. (10); d, determined using Eq. (11); y, determined using Eq. (4); and

z = 0,5M.cos(a + ;) (23)
For the headland width, the following expression is obtained:
E=e+d+y+z=(R+05M)cos(a + ;) + H.sin(a + ;) + (R + 0,5M) cos(f; — a) (24)

By equating Egs. (12) and (24), it can be seen that they are equal when condition (15) is satisfied. This
corresponds to the transition between the variants shown in Fig. 2c and Fig. 2e.

The length of the straight-line non-working pass in the headland after the turn increases as angle «
decreases. It is determined as follows:

by = ——+l — (R — B)tan (25)
The turn length is:
Iy = TR+1y, = 7R + ——+1, — (R — B) tan (26)
By equating Egs. (18) and (26), the angle at which the turn lengths for the two variants are equal is
obtained:

a =tan™! (E) (27)

lg
Closed fishtail turns - movement from right to left
At a large angle «a, the front right wheel of the tractor reaches the field boundary (Fig. 3 a). During reverse

movement, the tractor does not reach the field boundary. The turn length is also determined using Egs. (1)
and (2). The lengths of the segments used to determine the headland width are as follows:

x=l,sina+ (g —R)cosa + Rcos(a — ;) (28)
y = H.sin(a — ;) (29)
z = 0,5M.cos(a — ;) (30)

The headland width is:
E=x+y+z=I;sina+(g—R)cosa+ Hsin(a — ;) + (R + 0,5M) cos(a — f8;) (31)
Angles B, and 5 are determined using equations (9) and (13) respectively. When angle a decreases
and reaches a certain value, the rear wheels of the tractor also reach the field boundary during reverse
movement (Fig. 3 b). The figure shows the limiting case in which the front and rear wheels of the tractor reach
the field boundary. In this case, the headland width can be determined using Eq. (31) or by using the following

segments:

m = —(R+ 0,5M) cos(a + B3) (32)
n=(R—-y)cosa (33)
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q=1,sina (34)
E=m+n—q=—-(R+0,5M)cos(a+p3)+(R—y)cosa —l,sina (35)

After equating Egs. (31) and (35), angle « is obtained as follows:

H sin B;—(R+0,5M)(cos 83+cos B1)—(B—2R)
H cos B1+(R+0,5M)(sin B1—sin B3)+1,+1,

a = tan~! [ (36)

At smaller values of angle a the headland width is determined using Eq. (35). At the angle a« determined
using Eq. (22), the line of all plough bodies becomes parallel to the headland boundary.

",

?
=

¥

_,_
ST

al i
c d

Fig. 3 - Scheme of a closed fishtail turn when moving from right to left

For values of angle a smaller than that determined by Eq. (22), the headland boundary is determined
by the last plough body when the unit enters and leaves the headland (Fig. 3c). It can be seen that the front
left wheel of the tractor enters the field; however, this is permissible because this part of the field has not yet
been processed.

The relationships used to determine the headland width are as follows: (m), determined using Eq. (32),

and:
p=l,sina (37)
n=(R+g)cosa (38)
E=m+n—p=—(R+05M)cos(a+ ;) +(R+g)cosa—1,sina (39)

Angles B vary depending on angle a and are determined using Eq. (7) and the following equation:

B

tana

2RsinfB; — 2Rsinf; =21, —

(40)
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The equations for determining angles g are as follows:

2R-B

20p-—5
—tan™! tana (41)

t -1<2’a—%>] 2R=B

an 5.

f1 = cos™!

4R cos R-B

B

— 2lq— —
B; =tan™! <ﬁ> +cos™t
4R cos

The rear axle of the tractor becomes parallel to the field boundary when:
a4+ B; =90 (43)

As angle a decreases further, the rear right wheel reaches the field boundary (Fig. 3 d). In this case, the
following relationships are used to determine the headland width:

2R-B

B
tan—1<21a_tan a)]

(42)

2R-B

m = (R + 0,5M) cos(a + B) (44)

r = 2R cos(B; — a) (45)

s=(R—-g)cosa —l;sina (46)
E=m+r—s=(R+05M)cos(ax+B5)+2Rcos(f; —a) —(R—g)cosa + l,sina 47)

The variants shown in Fig. 3c and Fig. 3d are equivalent at the angle:

(R+0,5M) cos B3+R cos ,Bl—R) (48)

-1
a = tan (
(R+0,5M) sin B3—R sin f1—1g

At an angle a smaller than that determined by

a =tan™?! (ﬁ) (49)
angles 8 are determined using Eq. (7) and the following equation:
2Rsinf; —2Rsinf; = % -2, (50)
Their values are obtained as follows:
-1 2l 1 2R-B
B1 = tan % +cos R (51)
4R cos[tanﬂ(i%__; a)]
1 2R-B -1 %—21(1
B3 = cos | tan Py (52)
4R cos[tan_l(%ﬂ

Fig. 4 shows the variation in headland width depending on the angle between the direction of the working
pass and the field boundary for a specific machine-tractor unit. It can be seen that when the turn is performed
from right to left, a narrower headland is required. Its width decreases as angle a decreases. When the unit
moves across the field from left to right, the headland width changes only slightly and remains constant at
angles below 50°.

E}

’—/ == movement from left to right

/ === movement from right to left

O—'-I\J(.O-lh-U'IO‘J\JE

10 20 30 40 50 60 70 80 90 100 O, degrees

o

Fig. 4 - Headland width when making fishtail closed turns in different directions of movement
depending on the angle
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Fig. 5 - Turn length in the headland when performing fishtail closed turns in different directions of movement
depending on the angle a

Fig. 5 shows the turn length for different travel directions. The turn length remains constant when the
unit moves from right to left, whereas it increases significantly at smaller values of angle « when the unit moves
from left to right. This is due to the presence of an additional straight-line path in the headland under this
movement mode, which occurs at small values of angle a.

CONCLUSIONS

Analytical relationships were derived for determining the headland width and the length of closed
fishtail-shaped turns during the movement of a machine-tractor unit equipped with a mounted reversible plough
in an irregularly shaped field. It was established that, at a positive angle between the travel direction of the unit
and the field boundary, movement of the unit across the field from right to left results in shorter closed fishtail-
shaped turns and requires a narrower headland compared with movement from left to right. Future research
should include a comparative analysis of open and closed fishtail-shaped turns in terms of turn length and
headland width, and should provide relevant practical recommendations.
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