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ABSTRACT

This research addresses the axisymmetric problem in the theory of granulation of porous bodies, with
practical application in calculating the forces involved in the granulation of dispersed bulk materials such as
chips, granules, and other agricultural and woodworking waste. For such materials, the shape of the particles
(structural elements) is generally irregular and not geometrically well-defined. This characteristic served as
the basis for adopting a continuum model of porous media. In this model, the material is treated as a
continuous substance that fills all available layers of bulk space, allowing for the mechanical behavior of
materials with internal pores or voids to be accurately described. The pores within the material are
considerably smaller compared to other characteristic dimensions of the material's properties. In the
continuum model, the mechanical characteristics of the material, such as stress, strain, and compaction, are
described by mathematical equations that account for the material’s physical properties and its behavior
under loading. By reducing this model to a two-dimensional spatial form, a closed-form analytical solution
was obtained using a general method for solving the differential equations of equilibrium along with the
Huber—Mises energy condition for plasticity. The following assumptions were adopted as working
hypotheses: radial and tangential stresses are equal, and the lateral pressure coefficient is equal to the
proportional granulation density. Given that the problem is solved in a general form, the solution should be
regarded as methodological, that is, it can be applied to any loading scheme exhibiting axial symmetry.
Transcendental equations were derived to describe the deformation compaction process of a porous body.
These equations account for both the ideal granulation process and the influence of contact friction forces.
As a result of developing a solution method for these equations, dependencies were obtained for calculating
the local characteristics of the stress state during granulation, as well as for integral parameters of the
process, such as compaction and deformation work.

AHOTALIA

HaHe docnidxeHHs1 npucesHeHa 8UPILEHHIO 8ice-cumMempuyHOI 3adadi meopil epaHynoeaHHsI MopUCMuUX min
3 MpPakmuyYyHUM 3acmocy8aHHSIM y eu2asisidi cusiogo20 POo3paxyHKy npouecie 2paHyritoeaHHs OUCepCHUX
curnyqux Mamepiarnig: CMPYXKO8UX, epaHy/Ibo8aHux ma [HWuUx 8i0xo0ie CinbCbKO20CrnodapChKo2o
8upobHuumea i 0epesoobpobku. g makux mamepiasnie popma 4aCmuHOK (CMPYyKmMypHUX efleMeHmig) He
€ 2eoMempuYHO npasusibHoK abo e3azarsii 8usHa4yeHor. Lle cryxuno nidrpyHmsm Orisi moz20, W0 8 OCHO8Yy
supiweHHs1 byna rnoknadeHa KOHMUHyarnsHa Modersib MopuUCmMoz0o mina, sika 0360sIS€ ornucyeamu MexaHidHy
rnoeediHKy Mamepiarnie, siki Maromb ropu abo MOPOXHUHU & €eoili cmpykmypi. B danili modeni mamepian
po3anadaembcs K HerepepsHa peyosuHa, Wo 3arosHKe yci 0ocmyrnHi wapu curnkoeo rpocmopy. opu y
Mamepiani 8gaxkarombCsi He8eIUKUMU 8 MOPIBHSIHHI 3i 3HaYeHHSMU IHWUX erlacmusocmel Mamepiary.
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Y KOHMuUHyarnbHil MOOesTi, MexaHidyHi xapakmepucmuku Mamepiasny, maki sk HanpyXeHHsi, 0e¢hopmauiss ma
muck, orucytomsCsi MameMamu4yHUMU PIBHSHHAMU, W0 8paxosytombs Bi3uyHi ernacmusocmi Mmamepiany ma
lio2o noeeldiHKy ni0 HagaHMaXeHHsIM. Lsi modenib 3acmoco8yembcsi Onsl aHani3y Pi3HUX eudie MexaHiYHUX
Oeghopmavuiti ma e3aemolii Mamepiasiie, 8KMHYaYU CMUCKaHHS, PO3Mmsi2y8aHHs, 32UH, obepmaHHs moujo.
B pesynbmami 38edeHHsI OaHoi modesii 00 G80BUMIPHOI MPocmoposoi Modesii ompuMaHO 3aMKHEHEe
aHanimuyHe pilleHHss MemoOOM CriiflbHO20 BUPIWEHHS OugbepeHujanbHUX PIieHSHb pieHoBazu ma
eHepzaemuyHoi ymosu nnacmudyHocmi [ybepa-Miseca. B sikocmi poboyux ainome3 npulHsami HacmynHi
npurnyuwieHHs: padianbHe | maHzeHuianbHe HarpyXeHHs1 pieHi, KoegiuieHm 6i4H020 mucky pieHul
nponopuitiHit winsHocmi epaHynoeaHHs. 3 oensady Ha me, w0 3adadva supiweHa y 3azanibHOMy 8u2ssodi,
came piweHHs cnid posensdamu sk memodorsiozidHe, mobmo moxe 6ymu sukopucmaHo 0Ons 6ydb-sKoi
CXeMU HaBaHMAaXeHHSs, sIKa eUsI8/iIsie ocbosy cumempito. bynu ompumaHi mpaHcueHOeHMHI PIBHSIHHS, SKi
onucytomse npouec deghopmauiliHo20 yWwiribHeHHS Mopucmoeo mina. Lli pisHsHHSI paxosytomeb sk idearnbHul
rpoyec epaHyneaHHs, mak i enue cus KOHmakmH{o2o mepms. BHacnidok po3pobku memody po3e’a3aHHs
Uux pieHsHb Oynu ompumaHi 3anexHocmi 055 06YUCNIEeHHST JIOKaslbHUX XapaKmepucmuK HarpyXXeHo20
cmaHy 8 Npoueci epaHyr8aHHs, a makox 0715 iHmeeparbHUX rnapamempie Ub0eo.

INTRODUCTION

Porous bodies include materials that can be granular or other bulk substances (Pisarenko &
Mozharovsky, 1981; Bertram, 2012; Hashiguchi & Yamakawa, 2012; Haupt, 2002; Lubliner, 1990; Zhou et
al., 2021; Aruffo et al., 2024; Zheng et al., 2017; Uniyal et al.,2020). Zhou et al., (2021), present the shear
strength behavior of glass beads with two particular sizes under the influence of 0-5% liquid and hydrated
lime (HL) contents. Experimental work was performed to analyze the influence of liquid-powder mixture ratios
on a wet granular system under various loading stresses. Hence, evaluating bulk density and shear
resistance is crucial for assessing the growth and strength of agglomerated products (Aruffo et al., 2024;
Zheng et al., 2017; Unival et al., 2020).

In the classification according to the physical and mechanical properties of particles (structural
elements), these materials belong to the category of structurally heterogeneous (Landau, & Lifshits, 2013;
Gurson, 1977; Bettinotti et al., 2017; Aruffo et al., 2022). Usually, the shape of the particles does not have a
geometrically correct structure or may even be undefined, which casts doubt on the possibility of using the
contact-discrete model of deformation compaction for such materials. In such situations it is more
appropriate to use a model that treats the material as a compressible continuum and takes into account
rheological characteristics, such as the yield strength (Lu & Li, 2017; Bratishko, 2020; Bratishko, 2014;
Boltyanska, 2018; Salman et al.,2007; Probst & lleleji, 2016).

Probst & lleleji, (2016), presented a laboratory-scale batch drum granulation process used to produce
granules from dried distillers grains with solubles (DDGS). This was achieved by adding condensed distillers
solubles (CDS) as a binder to wet distillers grains (WDG), both of which are coproducts of the corn dry-grind
ethanol process, under varying formulation and process conditions. A full factorial experimental design was
employed to test all combinations of factor levels, including the amount of CDS binder, CDS solids content,
screen size opening, and residence time. These characteristics allow for the assessment of the material’s
resistance to deformation.

Even though several studies have described the impact of granulation process parameters on granule
size distribution, granules density, and flowability (Benali et al.,2009; Liu et al., 2013; Mangwandi et al.,
2013), no systematic investigation has yet reported how these variables influence the granule hardness and
compression properties of granules. Granule hardness could be one of the important properties in tablet
formulation because granules having insufficient hardness are extremely fragile leading to compromise on
quality. On the other hand, if the granules are extremely hard, this may compromise the compressibility.
Meanwhile, compression behavior of granules might be altered by process variables. However, detailed
studies are very limited on how process variables influence the compression behavior of granules. Heckle
plot analysis can be commonly used for the analysis of compression behavior of pharmaceutical excipients.
Therefore, one of the objectives of the present study was to investigate the impact of process variables on
granule hardness and compression behavior of granules.
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MATERIALS AND METHODS

The solution of the axisymmetric problem in the granulation theory of porous bodies involves
determining the local characteristics of the stress state during granulation as a function of spatial
coordinates, as well as key integral parameters such as compression, force, and deformation work
(Pisarenko & Mozharovsky, 1981; Bertram, 2012; Hashiguchi & Yamakawa, 2012; Haupt, 2002; Lubliner,
1990). For modeling purposes, the porous body is represented as a solid, compressible, rigid-plastic material
with a defined yield point. The granulation process of the porous material is carried out within a die, as
illustrated in Fig. 1.

I\ z
000000 ]
\ Van W an a2 \f\fﬁ%\
2 A NEANFANPANY AN ANV A NP
i /
\
3 | P ;L:l
4 w;',x‘
s ol )
q."OlI' K3 :‘:H
L Rpzb "
L e i :
0

Fig. 1 - Technological scheme of granulation of a porous body in a die spinneret
1 —die; 2 —roller; 3 — porous material; 4 — spinneret

During the granulation process, the side surface of the die is modeled as a body of revolution. At any
given moment under axisymmetric loading, it can be described by the equation R=R(z). In the first stage of
analysis, force calculations are performed without accounting for contact friction forces.

The following notations are used in this research: Ho, H —initial and final granulation height; h —current
granule formation height; Ah — deformation path (compaction); R — radius of granule formation at a given
section z,; po — current material density; pm — maximum material density (granules); u = polpm —relative
granule density; uo, uk — initial and final values of relative density; ¢ = 1-u — relative porosity; om — yield
strength of the material; # — plasticity constant; f — coefficient of friction.

For any point in the deformation process the differential equations of equilibrium in cylindrical

coordinates are written as follows (Pisarenko & Mozharovsky, 1981; Hashiguchi & Yamakawa, 2012; Landau
& Lifshits, 2013; Bettinotti et al., 2017; Lu & Li, 2017):

0oy + 01, LORT0, _ 0

R 0z R (1)
ar_ZR + % + Ti =0

OR 0z R (2)

The plasticity condition is applied in the following form (Landau & LifshiEs,ZOlS; Bratishko, 2020):

(O‘R—0'¢,)2+(O'¢—O'Z)2+(O'Z—0'R)2+6-T§Z=2-0‘i 3)

An elementary volume of a granule with the corresponding stress tensor components is shown in Fig.
2. Under axisymmetric loading conditions in meridional planes passing through the z-axis, the tangential
stresses are zero, and the stress components are independent of the coordinate ¢.
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Fig. 2 — Schematic diagram of the elementary volume of the deformation element together
with the components of the stress tensor during the granulation process

According to the Haar-Karman condition of full plasticity (Pisarenko & Mozharovsky, 1981; Salman et
al., 2007; Payne et al., 2016), when the movement of the material in the radial direction is limited by the die
wall, and tangential movement is kinematically prohibited due to the symmetrical separation of the surface in
the planes ¢, it can be assumed that o, = or. In addition, the normal radial stress or is directly proportional
to the density of the material during the granulation process and within the limits x# = 1 reaching value o3
(Bratishko, 2014; Boltyanska, 2018; Pietsch, 2002):

0, =0y =0, @)

Under conditions of fully-sided non-uniform compression, where the spherical component of the stress
tensor significantly dominates the deviatoric component, a relationship is established between the normal
axial (or radial) stress and the deviatoric stress. The relationship between the tangential and normal radial
stresses is linear. In practice, the relative density of granules during the granulation process u is

approximately equal to the lateral pressure coefficient.
Relative density, as well as the deformation path or time, are common variables of the granulation
process. However, for the studied fixed moment it is considered a constant when calculating the stress state.

Taking into account the proposed assumption (4), the law of paired tangential stresses 7zr; = GR= 7
and the corresponding designation, & = o; the system of equations (1) — (3) can be expressed as follows:

oo, 0
"R &

ot 0o 1 _
—+_—+-=0 (6)
OR o0z R
(1—/4)2 0?+3-1° =0’ (7

The plasticity condition (Aruffo et al., 2024) establishes the following relationship between the
components of the stress tensor:

c=¢" -(a,i -3-7° )0'5 (8)

T= 0.58'(0'5] —&”-0° )0'5 9)

For the following calculations we will create a table of derivatives of these expressions, using the
concept, known in mathematics, of taking the derivative of an implicitly defined function and, taking into
account (Lubliner, 1990), we will obtain:

For the subsequent calculations, a table of derivatives of these expressions will be will constructed using the
mathematical concept of taking the derivative of an implicitly defined function. Taking into account the
approach described in Lubliner (1990), it is obtained:

-05
O-_R:?).g—l.‘[_i.R.(O-rzn_s,Tz) :_3'T"L:R'g_2'0-_l:_fz'//t_l (10)
-05
6,=3 ¢t 14, -(aé _3.12) =-3-1%,-6 0" (11)
-0.5
fR:—0-58'82‘0'5R'(0ﬁ1_32"72) (12)
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-0.5
iZ:_OSSSZ.GGZ(Gi_SZ.UZ) :—IUO'R (13)

In the above dependencies (10)-(13) ¢ (z, R);7 (z, R) represent the required stresses (functions of
independent coordinates z, R) at a given relative density x of granules in the granulation process.

RESULTS
For the granulation process, the geometric interpretation of the plasticity condition is as follows: The
plasticity condition (7) can be geometrically represented as a circle with radius om, where each point
corresponds to a stress state that induces and sustains plastic deformation of the material. In Fig. 3, the
axes o and z are depicted at a 90° angle, resembling a conventional plane of a nominal section.
o/z

TR

Fig. 3— Geometric interpretation of the plasticity condition in the process of granulation of bulk materials

For each point of the elementary volume of deformation (suppose that this is a point O1 with
coordinates z, R1) there corresponds the desired stress tensor o 7 (point O2 on the plasticity circle) with

projections on the stress axes (1.73 7) and (¢ ¢). The angles of the right triangle OO2B; are determined by
the following relationships:

a=Sinfl[8-0-0;}1] (14)
p=sin*[173-7-0,' |=tan*[178-7-c 0] (15)
at+B=ml2 (16)

When considering the axis of symmetry z, there is no tangential stress 7 (R1=0; z=0) throughout the
entire height of the die during the granulation process, regardless of the degree of compression deformation.
At the same time the normal stress o, according to the plasticity condition (7), reaches its maximum value:
o=¢" om.

However, it should be noted that by increasing the distance from axis Z in the radial direction 0 < R1 <
R; o — decreases, while T increases. These indicators reach extreme values at Ri=R. The angle a of
triangle OO2B; varies from 90° to 0°, and the angle £ varies from 0° to 90°. The sum of these two angles is
90°, which, similar to equation (7), expresses the mathematical definition of the plasticity condition. On the
side surface of the die during the granulation process, there is stress in the radial direction at R1=R, but no
deformation occurs. When relative density increases tio <u < 1, 6—o0 with such parameters of T, it cannot
exceed the value zm = 0.58 om. Let us consider the deformation compaction equation for the granulation
process of bulk materials. To determine the stress state of a porous body, the first and the second terms of
Equation (6) may be expressed as a function of T and its derivative Tz, using expressions (8) — (13):
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t, =-0.58-¢% -0 -7, -(afn —&° -0'2)_0'5 =033 ¢t 7,1 -(()‘f1 -3.7° )0'5 (17)
Equation (6) may be expressed as follows:
5 Ot 05 Ot T
033-¢-7t-ut (02 -3-7° 05'——3'6‘_1'7," o2 -3.7° —+—=0 18
w(on-37) o (o =32%) " (18)

By performing the procedure of separation of variables and summing up the integration, the following
is obtained:

2 0.5
) dr-17-¢7-[(03-07 —12)_0'5dr +R*[dz=0 (19)

033 pt vt (o2 -3:72) +[058-6-u +173-67 ] -sin[L73.7-5,} |-z R =C  (20)
or considering (8):
oottty f-z-R=C (21)
where:
x=058-z-p ' +173-2™; p=sin*[173-7-0.' |; 0=3-p-c”? 22)

The integration constant C can be found by taking into account the initial and the limiting conditions. At
the beginning of plastic deformation on the contact surface between the die and the roller during the

granulation process, that is, at Z = h = Hp and R = Ry, the tangential stress reaches a value equal to the
plasticity constant: 7= # = 0.58 om, and, taking into account condition (7), it is established that the normal
stress becomes zero: ¢ = (. Therefore:

C:0.5-)(~7T—H0~R’l (23)
Then the solution (21) is expressed in the following way:
oottty p—z-R=05 y-r—H,-R™" (24)

By substituting R = R(z) into expression (24), the marginal conditions can be satisfied. For a
cylindrical die R = const, the value remains constant.

Equation (24) defines the equation of deformation compaction of a porous body, which connects all
parameters of the process. To determine stresses ¢ and 7, this equation must be solved together with the
plasticity condition (7), namely, by substituting expressions (8), (9):

(62-3-22)" et et 4y foz R =05y~ Hy R (25)

173-(02 —&*-0%) @t -o+y-f-z-R1 =05y m—H,-R* (26)

Equations (24)—(26) are transcendental, but functions o(z, R) and 7(z, R) are given implicitly. Their
solution is possible only with the help of numerical methods. However, these equations are a closed solution
for the problem of axisymmetric granulation theory of porous bodies under the condition of plasticity.

Let us represent the first term in equation (6) as function of ¢ and its derivative, using expressions

(10), (12), (13):
t, =-058-¢° -0 -6, -(a,f1 -& -02)70'5 =
=-0.58-¢° 61, -,u*l-(ari —&’0° )70'5: (27)

-033-¢*-0%6,-u* -(Jf1 —&° -0’ )71.

Equation (6) can be rewritten as follows:

—0.33-84-0'2-/[1-(0'ri—82-0'2)7 —+—+—==0 (28)
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Both parts of the equation are divided by 7, using the substitution of expression (9):

-0.33-¢*-6” -t ot -(Jﬁ] — &’ -02)71 -8—G+r’1 -8—0+R’1 =0 (29)
oz oz
) -15 P -05
—0.58-¢-6°- 1" Om | _,2 .6_04_]_73.8-1. Om | _,2 _6_0+R_1=0 (30)
e Oz € Oz
By separating variables and integrating, it is obtained:
2 -15 2 -0.5
~0.58c- 7 [| o {”—m} —o® | |do+173c7 {"—} —o* | do+[R7dz=0  (31)
e &
2 -0.5
~058-¢-u"-|o- [G—m} —o*| —sin™ [e-a-a,ﬂ +173-¢7"-sin™ [e-a-anjl]Jrz-R‘l =C (32
g

[058-¢-p* +173-27" | sin [ e-0-0, |-058-6* - u -0+ (0f — &% -07) 4z.RT=C @33

Or, taking into account (9) and (12):

)(~a—0'-afl-r’l+z~Rl’1=C (34)

The constant of integration C can be determined using the initial and marginal conditions, for example,
when z = h = Hp and R = Ri. During the start of plastic deformation when 7 = 5 = 0.58 om,
o = 0, the value of C will be equal to Ho / R. The resulting solution (34) takes the following form:

X-oc—mafl-r’l-%z-Rl’l:Ho~R’l (35)

Comparing Equations (24) and (35), it can be concluded that they essentially express the same
equation, differing only in the angles — a and 3, as shown in (Fig. 3). By adding their left and right parts, the
plasticity condition is obtained (7), which is expressed by the angles a and f:

sin”! [173- T- 0',;1} +sin™ [8-0‘-0;]1] =a+pf=nl2 (36)

Equation (35) can also be obtained from equation (24) by replacing 8 angle with angle a:f= o—ml2.

The presence of trigonometric functions of angles in the equation of deformation compaction is a
result of the relationship between normal and tangential stresses o and 7 according to the algebraic
dependence (7).

To find stresses o and 7 using simple formulas, the specifics of axisymmetric loading are used. Let us
turn again to Fig. 3. The nominal cross-section in the granulation channel, as well as the plasticity circle,
have the shape of a circle with radius R. The point under consideration O; is located on a circle with radius
Ri1. The section of this circle with diagonal OO; of triangle OO;B; yields point O that has the same
coordinates Z and R, and is also in the same stress state as point O;. The projection of radius R1(O0;) onto
axis T(R) forms segment Ry(OB;) and creates a coordinate triangle OO1B;. Right triangles O0;B, and
001B; with the same angles a and f have geometric similarities, that is:

é":sinﬁ:&:l?&r—l-ar}l
R

’ 2_R2
COS,B:E)'O'-O'[#:L:

R,
o1 =173-¢" [tang]  -173-¢7F-

c=0,-¢" \1-&; 1=058-¢ 0, (37)
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To calculate stresses ¢ and 7 using formulas (37), it is sufficient to find the value of angle f and
coefficient &, Let's substitute ratio ¢/7 from formula (37) into (24), After minor transformations, a quadratic
three-term equation is obtained, from which angle /5 is determined, and then coefficient &:

—bxb?-4-a-c

a-pi+b-B+c=0; B,=
B B+c 181,2 2.2

where:

H
a=y-w-¢; b=—n-w-¢; c=173; = X£——°+— &=sing (38)

2 R R

The coefficient ¢ is a complex function of the coordinates of the points within the elementary volume
undergoing deformation, the relative density of the granules, and the yield strength of the material being
deformed at a given temperature and granulation speed mode.

The system of equations (37), (38) is a closed analytical solution to the equation of deformation
compaction of a porous body. In addition to calculations and analysis of local characteristics of the stress
state of the granulation process, these equations allow determining the integral parameters of this process:
of pressure, the force and deformation work.

The force calculation of the granulation process will be carried out by constructing force diagrams and
determining the deformation work, which are related to the determination of the average integral value of
pressure on the contact surface between the material and the die during the granulation process S at z=h, R

= Ry. The average pressure, without taking into account the contact friction forces, is calculated using the

following formula:
o 2 o 2
m -+ (xR ) =
TS (o)

1 1 1 fo,
0= 3-0.(5)85= o, e, Jas= |

R
= zém jE-Jl—gz +%}-R-dR.

Based on the results of numerical integration (39), a diagram of the granulation process gi(u) is

(39)

constructed, considering that ¢ = 1—u. It is important to note here that plastic deformation of the material
does not occur at a zero value of the average pressure during the granulation process, calculated on the
contact area. At the beginning of the process, the average pressure has a clearly defined value, which was
taken into account when determining the initial and the marginal conditions and which can be calculated
using formula (39).

The formula for the calculation of the force of the granulation process is as follows (Pisarenko &
Mozharovsky, 1981; Bratishko,2014; Bratishko,2014):

=g,-S,=2-7-0,- L. 1—62 +——|-R |dR (40)
o5z || E

The impact of the contact friction forces is considered taking into account the efficiency of granulation
processes of porous materials, which largely depends on the interaction of the lateral surface of granulation
with the wall of the die, especially when the movement occurs. The speed of the movement of the material
particles along the height of the spinneret during the granulation process decreases from the maximum value
9 to zero, this means that the roller moves at a constant speed . This results in a lateral friction force that
consistently counteracts the effective force exerted by the roller on the material during the granulation
process. This interaction positively influences the process flow by reducing deformation resistance and
lowering the energy required for deformation work.

The average value of the normal lateral pressure is calculated as (Zhou et al.,2021; Probst & lleleji,

2016):
1 h h
_HJ z)+ g (2 )]dz=am-h1-j{u-s N }d (41)
0 0
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The Amonton-Coulomb law shows that the frictional force between the surfaces is proportional to the
lateral pressure (Pisarenko & Mozharovsky, 1981; Bratishko, 2014; Bratishko, 2020):

r=f-gR=f-am-hl-I{u-e =g = }d @2)
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Fig. 4 — Dependence of specific pressing pressure P on the density of the material p for various values
of the physical and mechanical properties of the material mixture
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Fig. 5— Dependence of the specific work Apr of the granulation process on the density p
of the material for various values of the physical and mechanical properties of the material mixture:
1-0=141.4;,2-6=183.2;3-06=220.6

Specific work 4

The lateral friction force is defined as the result of multiplying the specific friction force by the area of
the lateral contact surface of the die during the granulation process. This ratio shows how the friction force
depends upon the contact area and the magnitude of the specific friction force:

h
FT:r-SR=2~7r-R-f-om-J.{u-g_l-\/l—fz+%}dz (43)
0

With this conclusion it can be claimed that the lateral friction force is determined by the contact area
between the granulation surface and the bulk material that is supplied for granulation. This is of great
importance in the analysis and calculation of the force parameters of the granulation process and the
reduction of deformation resistance.

To take into account the impact of the contact friction forces during the granulation of a porous body in
the moving die, the following calculation expression is used:

R h
P=P-F.=2.71-0_- J'([g‘l.\/]?-FL]R)CZR—R'f-j[,u-s_l-\/@"‘i}dz (44)
: V3 0 V3

The displacement of deformation and the relative density of granules during the granulation process

are related by the following relationship:

Ah=H,-H-u™". (45)

Accordingly, the expressions for calculating the current value of the deformation work and the total
work have the following form:
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A = [ P(ah)d (ah)= [ P(u)d s)
a= [ P(ana(an)=[P(wa )

The above equations and formulas facilitate the calculations and analysis of the force parameters of
the granulation process of porous bodies. They allow taking into account the impact of contact friction forces
upon the process, which helps to determine the efficiency of the proposed process flow diagram and energy
costs for deformation.

It should be noted that granulated materials have several advantages over the bulk materials. One of
the main limiting factors for the widespread use of granulation is the low energy efficiency of the existing
granulators. For example, the ring die granulators with a capacity of up to 1 t-h~! are equipped with drive
electric motors with a power of 90-110 kW.

Based on our calculations, innovative energy-efficient granulators are being developed from the
original design of the press rollers and the annular die. A possibility to obtain granules from some types of
both agricultural and wood processing raw materials has been experimentally proven. The research is
carried out on a specially created experimental setup, which is shown in Fig. 6. Taking into account that the
parameters of granulation processes influence a number of input factors, the granulation processes must be
described by multifactorial dependencies that can be obtained on the basis of the theory of planning
multifactorial experiments. To formulate the planning task correctly, it is necessary to conduct preliminary
studies of the impact of individual factors.

Fig. 6 — Experimental setup for granulating agricultural waste
1 - die; 2 —roller; 3 — granulate material; 4 — spinneret

During the experiments, the granulation system was used to process agricultural waste as well as
wood-processing raw materials. The raw material was fed using a screw conveyor with adjustable drive shaft
speed. The input parameters identified as influencing pellet quality and production efficiency were:

temperature, raw material moisture content, the rotational speed of the gear transmission pinion, n, (rpm),
and the screw shaft speed, nw, (rpm). The raw material temperature was measured using a pyrometer-
thermometer (model AZ-8838), and moisture content was measured with a Greisinger GMK100 non-contact
moisture meter. The diameter of the die holes was 8 mm. Granulation productivity O and pellet density p
were selected as the main evaluation criteria. Productivity was determined using the well-known formula 0=
m+t? (kg-h-1), where m is the mass of granules, obtained over time t.
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Fig. 7 — Dependence of granulation productivity of agricultural raw materials on the number
of revolutions of granulator’s leading shaft (d =8 mm; nw =20 rpm; T = 14°C; W = 34.8%)
1 — two-roller granulation system; 2 — three-roller granulation system

Fig. 7 shows dependence of granulation productivity of agricultural raw materials on the number of
drive shaft revolutions. It is evident that the dependencies have an optimum in the range of 500 — 550 rpm.
In addition, it was found that when the material sticks to the die, the productivity decreases by 1.5-2.0 times.
It is necessary to determine the factors that influence the nature of the free (without sticking) exit of granules
through the holes of the die. During granulation of the raw materials its humidity and temperature were taken
into account.

Fig. 8 presents the graphical dependence of the granulation productivity of woodworking raw materials
on the number of revolutions of the granulator’s leading shaft.
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Fig. 8 — Dependence of granulation productivity of woodworking raw materials on the number
of revolutions of the granulator’s leading shaft (d =8 mm; nw = 20 rpm; T = 140°C; W = 25.4%)
1 — two-roller granulation system; 2 — three-roller granulation system

It has been established that dependence O (n) is also of an extreme nature. Maximum productivity
(over 320 kg-h’l) is observed in the range of rotational speeds of the granulator’s leading shaft — from 600 to
700 rpm.

One of the key quality indicators of granules is their density, which was measured both immediately
after production and after cooling. To determine granule density, samples with identical moisture content and
temperature were taken, but produced at varying screw conveyor shaft speeds nw = 10 — 70 rpm, while
maintaining a constant rotational speed of the granulator's leading shaft N = 500 rpm. The tests were
conducted at different initial raw material moisture contents: 15.1%, 25.4%, and 34.8%.

The data, obtained during the experiment, are presented in Table 1.

Table 1
Density of granules of the agricultural raw materials depending on the number of revolutions of the screw
conveyor "before cooling" / "after cooling" at different humidity of the raw materials

Number of screw Density of granules p, kg-m=2 at various raw material moisture
revolutions N, rpm 15.1% 25.4% 34.8%
w? before after before after before after
cooling cooling cooling cooling cooling cooling
10 1252.2 1181 1140.3 1120.1 1011.2 951.8
20 1181.8 1123.4 1157.4 1120.9 1065.4 1023.2
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Number of screw Density of granules p, kg-m=2 at various raw material moisture
. 15.1% 25.4% 34.8%
revolutions N, rpm
w before after before after before after
cooling cooling cooling cooling cooling cooling
30 1142.4 1078.9 1131.7 1102.6 1053.2 987.2
40 1210.2 1157.1 1110.2 11134 1034.4 974.5
50 1194.6 1078.5 1109.9 1100.5 1036.1 967.4
60 1248.3 1167.7 1134.4 11375 1011.5 996.6
70 1242 1185.9 1140.3 1120.4 1030.1 950.7

A graphical representation of the results of the experiment with a change in the granule density from
the number of revolutions of the screw conveyor before and after cooling is shown in Fig. 9. It can be seen
that the density remains almost constant, changing within 10%.
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Fig. 9 — Graphic dependencies of the change of the granule density before and after cooling
1 - granules before cooling; 2 — granules after cooling; (d = 8 mm; T = 140°C; W = 15.1%); 3 — granules before cooling;
4 — granules after cooling; (d = 8 mm; T = 140°C; W = 34.8%)

The graphs presented in Fig. 9 show that the density of the granules, regardless of the initial moisture
content of the raw material (from 15% to 35%), is practically independent of their cooling but depends on the
feed rate of the raw material into the granulation zone. Thus, with an initial raw material moisture content of
34.8% an extreme value may be observed at the screw speed of Nw = 20-30 rpm (Fig. 9).

Under the condition of lower initial raw material moisture content (15.1%) the granules obtained have
a denser structure (p = 1200 kg m~3), and with high initial raw material moisture content (more than 35%), the
density of the obtained granules decreases to p = 950 kg-m=3. In addition, it should be said that in the

operating mode of the granulator (N = 500 rpm and Nw = 50 rpm), in which the highest productivity is
observed, the density of the granules is the lowest.

A series of preliminary experimental studies showed that the selected input factors have a significant
impact on the initial parameters of the granulation process, which allows constructing correctly a plan for

conducting multifactorial studies and identifying mathematical dependencies that describe the granulation
process.

CONCLUSIONS

The application of the continuum model to the force calculation of the granulation process of porous
bodies made it possible to obtain a comprehensive analytical solution for an axisymmetric problem.
Application of the continuum model to the force calculation of the granulation process of porous bodies made
it possible to obtain a complex analytical solution for an axisymmetric problem. The obtained mathematical
dependencies take into account the differential equations of equilibrium and the plasticity condition. Since
this solution applies to bodies of revolution of general shape and setting, it can be used for any axisymmetric
loading scheme.

Equations for deformation compaction of a porous body have been obtained, both for an ideal
granulation process and taking into account the forces of contact friction.
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A method has been developed for calculation of local parameters of the stress state during the
granulation process, using the coordinates of the plastic deformation point, as well as integral process
parameters, such as pressure, force and the deformation work.

It was established that under the conditions of initial raw material moisture content (15.1%), the
granules obtained have a denser structure (o = 1200 kg m=3), and with high initial raw material moisture
content (more than 35%), the density of the obtained granules decreases to p = 950 kg m=3. In addition, it
should be said that in the operating mode of the granulator (n = 500 rpm and n, = 50 rpm), in which the
highest productivity is observed, the density of the granules is the lowest.
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