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ABSTRACT

Mathematical model for designing the surface geometry of the Roots pump rotor based on the Cassini oval
principle was derived. The polar coordinate system was used, and the radius vector, the direction of which
was set by the @ angle, characterizes the location of the point on the surface of the rotor. The distance of this
point from the axis of rotor rotation was set by the calculated value of the p, polar radius vector. The y angle
of rotors rotation characterizes their mutual orientation in the plane of rotation. Peculiarities of the choice of
the a and b parameters that satisfy the shape of the rotor surface geometry are considered. An example of
rotor geometry is given for rotor radius R = 50 mm, rotor rounding radius r = 20 mm, parameters a = 33.166
and b = 28. Rotor geometry depends on normalized parameters of a and b, which are constant for a given
shape of the surface and constructive dimensions. A mathematical model of the usable cross-sectional area
of the pump has been developed. The usable cross-sectional area of the pump was simulated by the geometry
of the rotors. The area of the rotor was determined by the geometry of the surface, which was described by an
elliptic integral of the 2nd kind. The usable cross-sectional area for the given parameters is modelled. The
results of simulation in the form of graphical dependences are given. Parameters a and b must meet the
condition of v2/2 < b/a < 1. Under such conditions, the geometry of the rotor surface will be a Cassini oval.
The rotation of the two rotors against each other will be by rolling one surface over another.

ABSTRACT

HasedeHo mamemamuyHy Moderb npoekmysaHHs1 2eoMempil noeepxHi pomopa Hacoca Pymc 3a npuHyunom
oearny KacciHi. BukopucmaHo rionsipHy cucmemy KoopduHam, a padiyc-eekmop, HarnpsiM siko2o 3adaembcsi
Kymom ¢, xapakmepu3sye pO3MilyeHHSI MOYKU Ha noeepxHi pomopa. Biddarb uiei moyku 8id oci obepmaHHs
pomopa 3adaembCs po3paxo8aHUM 3HAYEHHSIM 0/spHO20 padiyc-eekmopa pr. Kym nosopomy pomopis y
xapakmepu3ye 83aEMHy iX opieHmauito y nnowuHi obepmarHs. PosansaHymo ocobnusicms eubopy
napamempis a i b, siki 3a0080/1bHIOMb hopMy 2eomempii nosepxHi pomopa. HasedeHo npuknad eeomempii
pomopa dnsi padiyca obepmarHs pomopie R =50 [mm], padiyca 3aokpyeneHb pomopa r =20 [mm],
napamempie a = 33.166 i b = 28. eomempia pomopa 3anexumpb 8i0 HOpMOBaHUX rnapamempie a i b, wo e
cmarnumu 0511 3a0aHoi eeoMempii pomopa i KOHCmpyKmugHuUx po3mipie. PospobrieHo mamemamuyHy modersib
KOPUCHOI rniowji rornepe4yHo2o repepisy Hacoca. KopucHa nnowa nepepisy Hacoca MOOenoemscs
eeomempiero pomopie. llnowy, Ky 3almMae pomop eusHayasnu 2eoMempicto rMo8epxHi, Kka ornucyembscs
eninmuy4HuM iHmezpasnom 2-pody. [lpoeedeHO Modero8aHHSI KOPUCHOI raowi nonepeyHoz2o repepisy Ons
3a0aHux napamempis. HagedeHO pe3ynbmamu MoOen8aHHs y euensdi epagiyHux 3anexHocmed.
Mapamempu a i b nosuHHi sidnogidamu ymosi: \/2/2 < b/a < 1. 3a maKux ymo8 2eomempisi 08epxHi pomopa
byde osarnom Kaccini. ObepmaHHs1 d80x pomopig 00uH rMpomu 00HO20 rpoxodumume Memodom obKaqy8aHHs
O0Hiei mMo8epxHi no iHwid.
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INTRODUCTION

Two-rotor vacuum pumps are widely used in industry, medicine, mechanical engineering and
agriculture. Roots pumps are two-rotor. Such pumps have two rotors located in the pump casing and rotate
synchronously. Ideally, the two rotors are in contact with each other, rolling around each other. They have no
contact with the pump casing. Therefore, it is important to calculate the optimal geometry (surface shape) of
the rotors, which will ensure the process of rolling the rotors on their surfaces. Having regard to the scope of
use, for example for milking systems, it is necessary to take into account the forced pulsations of the medium
flow due to the peculiarities of the milking equipment. Pressure regulator (Dmytriv V. et al., 2017), features of
the pulsator operation of the milking machine (Dmytriv V. et al., 2019) and the milking system (Dmytriv V. et
al.,, 2020; Medvedskyi O. et al., 2018) create the forced pulsations and extensive pressure losses. Such
conditions require the special operation of vacuum pumps.

The authors considered the design features of the chamber geometry of the two-rotor pump at the
condition of the gradual change of the gap between the rotors during the meshing of the rotors (Li Y.-B. et al.,
2018). The flow in this geometry is numerically studied, and its effect on the pressure pulsation and radial
exciting force is analysed based on the dynamic mesh and local mesh reconstruction. Numerical methods, in
particular the computational fluid dynamics (CFD) method are widely used to simulate the operation of such
pumps (Peng Q.L. et al., 2018). The authors analysed the effect of reflux on pump capacity and made sure
that the result of CFD simulation is consistent with the result of the experiment.

A new type of rotor profile with a variable coefficient of trochoid shape was proposed and the method
of achieving both the tightness and the higher volumetric efficiency was investigated (Hwang Y.W. and Hsieh
C.F., 2006). The authors studied a new curve of the chamber (Hsieh C.F., 2015). The curve is formed around
the longer axis of the rolling arc end point of the roller ellipse with the using of an elliptical roller track. Based
on the curve model, the authors modelled a rotary pump. The results showed improved flow characteristics.
Other authors have developed a new type of rotor profile, which has obviously improved pump capacity (Kang
Y.H. and Vu H.H., 2014). The authors studied the capacity of the four rotor profiles by calculating the volume
and analysed the flow field based on the number of pump leaves. The results showed that the shape of the
rotors significantly affected the capacity of the pump. The authors also studied the effect of the number of
leaves of the rotor and its geometry on the capacity of the pump (Xing L. et al., 2020; Xing L. et al., 2021).

To simulate the capacity of rotary pumps, the authors numerically studied the internal flow field in an
involute-vane rotary pump using the k-e model of RNG turbulence and dynamic mesh (Li Y.B. et al., 2013).
Also the influence of the pressure angle on the transient characteristics of the flow field inside the rotary pump
was analysed. Other authors studied the effect of turbulence simulation on CFD prediction of local velocity
fields of twin-screw compressors (Kethidi M. et al., 2011; Kovacevic, Rane, Manolis, and Stosic, 2015). The
authors also investigated the local pressure loss in the suction chamber of the screw compressor and predicted
the pressure loss with the CFD (Arjeneh M. et al., 2015). Using the results of the study, the authors (Kovacevic
A. et al., 2007) described the mechanism of combining CFD and other software for design, in which the
interactive control of the entire process of designing the screw compressor was obtained using a holistic control
system. Also, the authors proposed the shape of the rotor in the form of an elliptical roulette curve and
theoretically modelled the profile and flow of the medium (Hsieh C-F., 2015).

Widespread use of the Roots pumps has been proven by studies of its parameters and characteristics
depending on thermodynamic parameters, as evidenced by theoretical dependencies (Zhao F. et al., 2020).

Analysis of research shows that the development of a mathematical model of the Roots pump rotors
geometry, which would take into account the technical, thermodynamic characteristics of the medium pumping
process, will increase the efficiency of such pumps. Therefore, the development of a mathematical model of
the rotor geometry of the Roots pump and the study of its characteristics is an urgent research-and-
development task.

MATERIALS AND METHODS
The aim of this work was to develop a mathematical model of rotor geometry and study the
characteristics of the Roots pump with rotors of simulated geometry.

Root pump rotor geometry

Consider the rotor in the form of a Cassini oval. Scheme of the rotor is shown in fig. 1, a. For the Cassini
oval, the following equation is true (Karatas M., 2013):
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rforf =a (1)
where a — an arbitrary number that satisfies the expression of (1).

The rotor must have a curved plane with the R, radius, so that the opposite rotation of the two rotors is
rolling without jamming. The distance between the centres of the rotor rounding is denoted as 0,0, = 2 - b.
The radius of rounding is denoted as r.

The Cassini oval equation is as follows (Karatas M., 2013):

[Cx = D)2 + ¥2][(x + b)* + y?] = a* 2
Where:
(x — b)? + y? = r? — the radius vector of the left part of the rotor relative to the y-axis (fig. 1);
(x + b)? + y? = rZ — the radius vector of the right part of the rotor relative to the y-axis (fig.1);

a and b — the set of real positive numbers;
x and y — running coordinates of the Cartesian coordinate system.
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Fig. 1 — Rotor diagrams (a) and rotor mutual placement (b)

For the polar coordinate system: x = pg - cos @; y = pg - sin ¢. Taking into account that x? + y? = p2, the
equation (1) will be transformed:
(et + 20y +y") = (x® + %)% = pi

Then pr — 2b%(pp cos® ¢ — pisin®? ) + b* —a* =0
pA —2b?-p2-cos(2p) +b* —a* =0 (3)

Equation (3) is solved as a quadratic equation and, accordingly, the following is obtained:

PR = \/bz cos(2¢) +/b* - cos?(2¢) — b* + a* 4)

To model the geometry of the rotors rotation, the dimensions are set according to the scheme (Fig. 1, b).
In the initial position, the rotors will be mutually located according to Fig. 1.b. Taking into account the
dependence of (4), the rotation of the two rotors was modeled according to the following dependences:
- for vertically placed rotor:

Pr = \/bz cos(2¢ +y) £ /b* - cos2(2p +y) — b* + a* (5)

- for a horizontally placed rotor the ¢ angle is shifted by 90°

PR = Jbz cos(2e +90—y) + \/b“ -cos?2(2¢ +90 —y) — b*+ a* (6)

where:

y — the angle of rotors rotation, taking into account the rotation of the rotors in the opposite direction to
each other (for a vertically located rotor, the y angle of rotation is positive, and for a horizontally located rotor,
the y angle is negative).
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The geometry of the rotor is characterized by the pi polar radius, as the distance from the center of rotor

rotation to the point on its surface in the function of ¢ angle (fig. 2). Angle ¢ is within 0 < ¢ < 2m7.
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Fig. 2 - Scheme to explain the pg polar radius as a parameter of rotor geometry

It should be noted that the parameters of a (formula 1) and b (Fig. 1 and Fig. 2) are constants, while r;
and r, are rotor rotation functions and characterize the point of contact of two rotors, which will move on the
surface between two rotors depending on their mutual position.

Mathematical model of the cross-sectional area of the working volume of the Roots two-rotor pump
A mathematical model of the cross-sectional area of the working volume is developed for one rotor. The

change in cross-sectional area for the second rotor will be shifted by an angle of g

The cross-sectional area, limited by the R, stator radius, is calculated by the formula:

SlH = SR1 — Sroms (7)

2

Where:
Sr, — half of the stator cross-sectional area, limited by the R, stator radius (Fig. 1, 2);
Srot — half of the cross-sectional area of the rotor

Sr, = 3 /7 RE(@)de = SRE (- ) 8)

Sror =3 [ P& (@)de =2 [Tb? (20 V) +3 [7/bT - cos?(2¢ —Y) — b* +a* - d¢ )
Integrals are defined separately for two parts of equation (9). For the first part of the equation (9):

2 . _ 2
L™ b2 cos(2 — ) de = - 20290 (7B fein o _ 1) —siny]. (10)

For the second part of equation (9) is obtained:

—f Jb*-cos2(2¢ —y) —b* +a*- d(p——f1T 2/ bt sz(zw ) - dep. (11

Let's make a substitution in the equation (11) U = 2¢ —y — @ =2, dep = ;

Given the change, the dependence (11) will look like:

1 b* sin2(2¢-v) 2 b* sin2(U)
HMEY /1—%@@—%&“ /1—%-du (12)
[ {1-2ErO. gy (13)

there is a special function (normal elliptic integral of the 2nd kind) E (U :—:) .

Then, after integration, the integral of the dependence (12) will have the form:
a

bt
2 b*sin2(U) a E(U 34)
Cr 1 gy =T (14)

The reverse will be replaced: U = 2¢ — .

For the integral of
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Then:
4 4
o) #eeonf) )
After integrating of the equation (11) we obtain the equation (16):
L[ b7 sinZ(2e —y) — b* +a - dp = aZ'E(Z(:_Y‘Z_:) e az'[E(Z“_y@_j)_E(y o) (16)

Taking into consideration the dependences of (8), (10) and (16) the useful cross-sectional area for one
rotor of the Roots pump is described by equation:
2 . . b* b*
S%H = % (m—vy) — % . (b2[51n(2n —v) — siny] + a? [E (211 -y a—4) —E (y ;)D a7

where E — normal elliptic integral of the 2nd kind,
Y
E(y,K) = f\/l —K?sin?6-do
0

4
where K? = 2—4; y = 0;15; 30 ... 180" for half of the rotor.
Accordingly, the normal elliptic integral of the 2nd kind will be:

E(2n-v[%) = ™ I1- 2 sin2(0) - o (18)
Y=g I — 2+ sin2(6) - o (19)

The parameters are set and the rotor surface shape and cross-sectional area of the useful volume of
the Roots pump are simulated.

E(y

RESULTS
The geometry of the rotor surface is modeled in the following sequence. The R radius of rotation of
the rotor is taken. The distance b based on the condition of R > b is set. The a parameter is determined by the

formula of a = VR - r, where r = R — b — rounding radius of the rotor (Fig. 1). Parameters a and b must meet
the condition: v2/2 < b/a < 1.

+ i a
P DORmax ORmin J _.l

Fig. 3—The results of simulation of the geometry of the Roots pump rotors
a — rotors in antiphase; b — rotation of rotors on 135 degrees; parameters for simulation the geometry of the rotors:
R =50 [mm]; r = 20 [mm]; a = 33.166; b = 28

To model the effective cross-sectional area of the pump, the normal elliptic integrals of the 2nd kind of
(18) and (19) are determined by the numerical method. The results of the numerical solution of normal elliptic
integrals of the 2nd kind are given in Table 1.
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Table 1
Results of numerical integration of normal elliptic integrals of the 2nd kind

Angle of b b
rotor rotat?on v, radian ; E(Z .n_y,“_“)' E(Y “_4)?
rom the equation (18) from the equation (19)

0 5.383236147 0.00000000
15 5.123096019 0.26016592
30 4.871864747 0.51161234
45 4.636451935 0.74721944
60 4.420778189 0.96313815
75 4.223737983 1.16037375
90 4.038140391 1.3460468
105 3.852407175 1.5316819
120 3.655095251 1.72884326
135 3.439054015 1.94461587
150 3.203303729 2.1801105
165 2.951811138 2.43147962
180 2.691618072 2.69161807

To simulate the change in the effective cross-sectional area of a two-rotor pump, it is sufficient to
simulate the rotation of the rotors from 0 to 180 degrees.

The effective cross-sectional area of the Roots twin-rotor pump is variable. It varies from 483 mm?2 to
1449 mm? depending on the angle of rotation of the rotors. The results of modeling the cross-sectional area
are shown in Fig. 4.

The rotation of the rotors by 180 degrees was simulated. Rotating the rotor by 180 degrees covers the
entire effective cross section of the pump for one rotor. This cross section characterizes the pumping area of
the medium.
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Fig. 4 - Dependence of the effective cross-sectional area of the Roots two-rotor pump
on the angle of the rotors rotation
1 — the rotor of vertical initial position; 2 — the rotor of horizontal initial position; 3 — the total cross-sectional area of the two-rotor pump

CONCLUSIONS

Mathematical model was developed as the equations (5) and (6). With the help of these equations the
surface of the body of rotation which is different from the ideal circle is modeled. The polar coordinate system
is used, and the radius vector, the direction of which is set by the ¢ angle, characterizes the location of the
point on the surface of the rotor.
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The distance of this point from the axis of rotor rotation is set by the calculated value of the py polar
radius vector. The y angle of rotors rotation characterizes their mutual orientation in the plane of rotation (Fig.
3).

The useful cross-sectional area of the pump is modelled by the geometry of the rotors. The area of the
rotor was determined by the geometry of the surface, which was described by an elliptic integral of the 2nd
kind, equation (17). The geometry of the rotor depends on the normalized parameters a and b, which are
constant for a given geometry of the rotor and constructive dimensions.

Parameters a and b must meet the condition of vV2/2 < b/a < 1. Under such conditions, the geometry
of the rotor surface will be a Cassini oval. The rotation of the two rotors against each other will be by rolling
one surface over another.
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